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PREFACE

I wrote the bulk of these notes in the summer of 2024. As the title suggests, they aim
to present the basic theory of vector spaces naturally, which is to say without mak-
ing choices. By “choice,” I mean “choice of basis”: matrices are not mentioned until
the final chapter, at which point the arguments are straightforward calculations. The
reason for this approach is that many concepts—e.g., the adjugate—appear as opaque
formulas when presented matricially, whereas their coordinate-free characterizations
are straightforward and insightful.

Referring to Paul Halmos and himself, Irving Kaplansky wrote “we share a phi-
losophy about linear algebra: we think basis-free, we write basis-free, but when the
chips are down we close the office door and compute with matrices like fury” [4]. In
these notes, we think coordinate-free, we develop theory coordinate-free, and we only
bring in matrices once the foundations have been laid for the chips to fall on. Chap-
ter 1 introduces our basic objects, vector spaces, and some related concepts, such as
dimension. Chapter 2 focuses on linear transformations and their structure (e.g., rank-
nullity), uses quotient spaces and direct sums to introduce universal properties, and
concludes with dual spaces and projections. Chapter 3 discusses similarity invariants
such as the trace and determinant and concludes with a brief introduction to spectral
theory. Chapter 4 is about inner product spaces and includes a proof of the spectral
theorem. Finally, Chapter 5 introduces matrices and Gaussian elimination and pro-
vides several methods for computing determinants.

The prerequisites for these notes are minimal. Ideas from calculus are mentioned in
some examples, though the bright reader could get by without these. Prior experience
with proofs is a must. The reader may benefit from previous experience with abstract
algebra (groups, universal properties), but such background is not formally necessary.

I have done my best to cite the sources from which I learned the coordinate-free
characterizations reproduced here, though a certain amount must be attributed to
“folklore” and, of course, I do not claim any of the ideas as my own.
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SPACE & POSITION

We begin by defining position. In the simplest case, consider the Cartesian plane R?,
whose elements are the pairs (a,b) with real a and b. We typically picture this as a
plane with axes drawn perpendicular to each other. Within this picture, the pair (a,b)
may be visualized as the point obtained by moving a units along the x axis, then b
along the y axis; that is, it describes a position.

There is some ambiguity in this description, as it assumes that we agree on the
orientation of our axes. This can be avoided if we instead write (a,b) = ax + by
where, for the time being, the sum is taken formally. The objects x and y could be
interpreted as directions in the plane, so x represents an arrow pointing along the x
axis and likewise for y. If I imagine a different set of axes than you, I might write
ax’ + by, where x’ lies along the first quadrant diagonal with respect to your axes.
Clearly, x # X/, so ax + by and ax’ + by represent different positions.

Sums of the form ) a;x; are known as linear combinations. In this chapter, we will
devise an algebraic structure that encompasses such sums, thereby encoding a (homo-
geneous) notion of position.

§1.1. FIELDS

Our current goal is to make sense of the symbols involved in a linear combination
Y. aixx. We will begin by defining the coefficients. For the sake of simplicity, consider a
linear combination ax. In the R? example, we interpret this as the point at a distance a
along the x axis. More generally, the symbol x specifies a direction and a unit of length
in some space, and ax represents the point obtained by travelling a times along x.
Since we can travel in the direction x, we ought to also be able to travel in the opposite
direction, which might be denoted —x = (—1)x. Similarly, if we travel a times along
x, then another b times further, we have moved a + b times along it in total. Lastly, if
we can move a # 0 times along x, we ought to be able to move 1/a times along it.

If we insist that the coefficients in a linear combination satisfy these properties, we
find that they form the following structure:

DEFINITION 1.1. A field is a set K together with commutative and associative oper-
ations +, (+) : K x K — K satisfying

1. Ifa,b € K, thena+ b,ab € K,

2. There is an element 0 € Ksuchthat0+a =aforalla € K,



1.1. FIELDS

3. There is an element 1 € K\ {0} such that 1a = a for alla € K,
4. If a € K, then there is an element —a € K such thata + (—a) =a—a =0,
5. Ifa € K\ {0}, then there is an element ! € K such thataa—! =1,

6. If a,b,c € K, then (a+ b)c = ac + be.

We note that fields have most of the nice algebraic properties one would expect.
PROPOSITION 1.2. Let K be a field. Then, forall a,b € K,

1. 0-a =0,
2. (—1)a= —a,
3. Ifab=0,thena =0orb =0.

Proof. 1. We have
0-a+0=0a=(0+0)a=(0-a)+(0-a),

so adding —(0 - a) to both sides yields 0 -a = 0.
2. By 1,

a+(—a)=0=0-a=(1—-1)a=a+(-1)a,

and cancelling yields the result.

3. Suppose ab = 0 and a # 0. Then
ab=0=a-0,

and we may multiply both sides by a1, obtaining the identity b = 0. Taking the
contrapositive of this yields the other case.
[

EXAMPLE 1. The number systems Q, R, and C are fields with respect to their usual
notions of addition and multiplication. For most purposes, it suffices to imagine our
coefficients as living in the fields R or C. o

EXAMPLE 2. Consider the set of integers Z. Under its usual notions of addition and
multiplication, Z is not quite a field (spaces with structures similar to Z are known as
rings). In particular, it is missing multiplicative inverses. However, we can use Z to
construct a field.

Let p € Z be prime. For a,b € Z, write a ~ b if p divides a — b. Then ~ is an
equivalence relation. Let Z/pZ denote Z/ ~ under the operations of addition and
multiplication defined by [a] + [b] = [a + b] and [a][b] = [ab]. To show that these are
well-defined, suppose a ~ a’ and b ~ b'. Then p divides a — a’ and b — ¥/, so p divides
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(a+b)—(d+b)=(@a—-d)+(-1),

and (a +b) ~ (a’ +b'). Similarly, p divides

ab—a'b=(a—a' )b and a'b—a'b =d'(b-1),

soab ~ a'b ~ a'b’, hence ab ~ a'l’.

The set Z/ pZ is a field under these operations. In particular, it contains multiplica-
tive inverses: if [a] € Z/pZ\ {[0]}, then we may choose some representative r € [a]
such that 1 < r < p. Indeed, since 2 € Z, we may consider the Euclidean division
a=qp+rbypwith0 <r < p,and p dividesa —r,soa ~ r. Since 0 & [a], r # 0.
Given such a representative, we have that r and p are coprime, so there are integers s
and t such thatsr +tp = 1. Thus, sr — 1 is divisible by p, and [s][r] = [1], i.e. [s] = [r] 7.

o

This example highlights one way in which general fields may differ from R or C.
Let p be prime, so Z/pZ is a field. Then Y/ _,[1] = [p] = [0]. That is, in fields like
7./ pZ, we can add 1 to itself some finite (positive) number of times and obtain 0. For
any field K, we refer to the smallest non-zero number ¢ such that } ;_;1 = 0 as the
characteristic of K. If no such c exists, we say K is characteristic 0.

§1.2. VECTOR SPACES

At this point, we would do well to introduce some terminology. Given a linear combi-
nation ) axxg, we will refer to the a;’s as scalars and the x;’s as vectors. In the previous
section, we characterized scalars as elements of a field. Similarly, in this section, we
will define a vector as an element of a certain algebraic structure.

Suppose we have two linear combinations ) a;xx and }_ byyx. We can form the sum

v (Y mexi) +6 () biyk)

which is itself a linear combination in which Y a;xx and Y byyx act as vectors. That is,
a linear combination of vectors is itself a vector. This hints at the algebraic structure at
hand:

DEFINITION 1.3. A vector space over a field K is a set V, together with a commutative
and associative operation + : V. x V — V and an action (-) : KxV — Vof Kon V
satisfying

1. There is an element 0 € V suchthat0+ x = x forall x € V,

2. For each x € V, there is some element —x € V such that x + (—x) = x —x =0,
3. If 1 € K is the multiplicative identity of K, then 1x = x forallx € V,

4. Foralla,f € Kand x € V, a(Bx) = (af)x,

5. Foralla,p € Kand x,y € V, (a 4+ f)x = ax + Bx and a(x +y) = ax + ay.

CHAPTER 1. SPACE & POSITION 4
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We refer to the elements of V' as vectors and those of K as scalars. Moving forward, we
will denote vectors with Latin letters and scalars with Greek letters.

As before, vector spaces have predictable algebraic properties:
PROPOSITION 1.4. Let V be a vector space over a field K. Then, forall a, 8 € K and

xevV,
1. Ox =0 = a0,
2. (-)x=—x,

3. Ifax =0,thena =0orx =0,

4. If ax = Bx and x # 0, then a = B.

Proof. 1. As before,
O0x +0=0x = (0+0)x = 0x + Ox,
and we may cancel. Similarly,

20+ 0= a0 = a(0+0) = a0 + «0.
2. By 1,

x+(—x)=0=(1-1)x=x+(—1)x,

and adding (—x) to both sides yields the desired equality.

3. Suppose ax = 0. If & # 0, then we may proceed as in the proof of Proposition
1.2. Taking the contrapositive of this covers the other case.

4. Suppose ax = Bx. Then (« — B)x = 0. If x # 0, thenby 3., 0« — B = 0.
[

This discussion began with geometric considerations, retreated to formal sums,
and returns now to geometry. The rest of this section is devoted to examples of vector
spaces, the goal being two-fold: first, to show that we have successfully captured our
old notion of space and position; second, to illuminate the spatial structure hiding in
non-obvious places.

EXAMPLE 3. Let K be a field, and consider K" as a vector space with addition and
scaling defined by
(X )kefn) T Widken) = (X + Yi)ken)

and

a(xp)kefn) = (@Xk)ke[n]-

CHAPTER 1. SPACE & POSITION 5
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Letting K = R and n = 2, we recover the Cartesian plane R?. This also gives us an
explicit connection between coordinates and linear combinations:

(a, ) = «(1,0) + B(0,1).

More generally, suppose (ax)e[y is @ vector in K". For the sake of succintness, we
introduce the Kronecker delta function 6 : Z>y x Z=o — {0,1}, which is defined by the
property (i, j) = ¢;; = 1if and only if i = j. Then

n
(@Okem) = Y k(Ok)jein-
=

Visually, we may interpret this as K" having a standard choice of axes, with each
(6kj)jejn) being the unit vector lying along the positive kth axis. We typically refer
to (k) je[s) With the symbol ey. o

EXAMPLE 4. Fix some n > 0, and consider a polynomial (with real coefficients)
p(t) = Lp_oaxt’, so p has degree < n. Observe that p has the form of a linear combi-
nation. More generally, the set R, [t] of real polynomials with degree < # is a vector
space over R, with the usual notions of polynomial addition and scaling. The take-
away here is that polynomials may be thought of as points in space.

This geometric interpretation is clearest when we let n = 0, in which case the
elements of R[] are precisely the contant polynomials. In other words, this is the
space R!, the real number line.

A more interesting case occurs when n = 1: vectors in R;[t] are the polynomials
of the form at + . While we have yet to make this notion precise, the space R[] is,
in some sense, two-dimensional. That is, it is structurally similar to R2, in that each
at + B € Rq[t] is determined by some pair («, ) € R2.

Note that we could just as easily have defined the space Cy|[t| of complex polyno-
mials of degree < n or, more generally, K, [t] for any field K. o

§1.3. DIMENSION

Throughout this section, fix a vector space V (over a field K).

We introduced linear combinations in order to unambiguously describe position,
thereby solving the problem (in coordinates) of the same symbol denoting two differ-
ent points. The dual problem is this: fixing some set of vectors, when do two different
linear combinations denote the same position? Ideally, never.

To make things more precise, fix vectors xy,...,x,. We want to determine under
what conditions the linear combinations of these vectors are unique. That is, under
what conditions

n n
Y aexe =Y Brxk (1.1)
k=1 k=1

implies ay = By for each k. Rearranging (1.1) yields

n

Y (ax — Br)xg = 0.

k=1

CHAPTER 1. SPACE & POSITION 6



1.3. DIMENSION

Letting 7 = ay — Bx, the uniqueness of linear combinations may be restated in the
following

DEFINITION 1.5. A collection of vectors {x;} is linearly independent if, for any scalars
,)/11 cey ’)/Vl/

n
Y mexe =0
k=1

implies ; = 0 for each k. We say {x1,...,x,} is linearly dependent if it is not linearly
independent.

Observe that the empty set is vacuously linearly independent. We may verify the
preceding discussion easily.

PROPOSITION 1.6. The vectors x1, ..., x, are linearly independent if and only if

n n
Y aexe =Y Bixk
=1 k=1

implies ay = Py for all k.
Proof. (=) Rearranging the equality as before, we get

n

Y (ax — Br)xx = 0.

k=1

By linear independence, it follows that, for each k, a; — Bx = 0, and we are done.
(<) Observe that } /_; 0x; = 0. Therefore, if

n
Z KX = 0,
k=1

then, by uniqueness, a; = 0 for each k. O

We may consider linear independence as a notion of irredundance. If a set is lin-
early independent, then none of its vectors may be built out of the others, as this
would yield a non-trivial vanishing combination. Under this interpretation, linear de-
pendence becomes redundancy. To be precise,

PROPOSITION 1.7. A collection of non-zero vectors xy, .. ., x; is linearly dependent
if and only if there is some i > 2 such that x; is a linear combination of the previous
vectors x1,...,X;_1.

Proof. (=) Choose the least i such that {xj,...,x;} is linearly dependent. Since
any singleton {x} is linearly independent so long as x is non-zero, i > 2. We may
choose scalars «7, ..., «;, not all zero, such that

i
Z KX = 0.
k=1

Note that a; # 0, for otherwise we would have a dependence relation among x1, ..., x;_1,
contradicting the minimality of i. Rearranging, we get

CHAPTER 1. SPACE & POSITION 7



1.3. DIMENSION

X; = Z _(kak‘

i

(<) We have scalars a1, ..., «;_1 such that

i—1
Xi = Z XXk,
k=1

SO

i—1
Z KX — Xj = 0.
k=1

It follows that {x1,...,x,} D {x1,...,x;} is linearly dependent. O

EXAMPLE 5. For a geometrically insightful example of linear independence, con-
sider the plane R?. If two vectors (aj,a;) and (b1, by) are linearly dependent, then
there are scalars & and f3, not both zero, such that

a(ay, az) + B(by, ba) = 0. (1.2)
Without loss of generality, suppose B is non-zero. Then (1.2) becomes

(b1,b2) = %(01,612),

so (a1,az) and (by,by) lie on a common line through the origin. Therefore, any two
planar points that are not collectively collinear with the origin are linearly indepen-
dent. The most obvious example is the pair of vectors (1,0) and (0, 1), corresponding
to points on the x and y axes respectively. o

Having solved the problem of uniqueness, the natural follow-up is that of exis-
tence. For this, we introduce a useful construction.

DEFINITION 1.8. The span of a set {x1, ..., x,}, written span(x,...,x,), is the set
of all linear combinations of xy,...,x,. We say that the vectors x4,...,x, span V if
span(xy,...,x,) = V.

EXAMPLE 6. Consider the space of complex polynomials (of any degree) C[t]. This
space is not spanned by any finite set of vectors. Indeed, suppose we have py,...,p, €
C[t] and, without loss of generality, suppose that d = deg(p,) is maximal among this
collection. Then any p € span(pj, ..., pn) has degree at most d. However, the vector
tpn € C[t] has degree strictly greater than d, hence tp, & span(pi,...,Pn)-

Despite this, we may find interesting sets by looking at spans of vectors in C[t].
For example, the elements of span(1, f, tz) are the linear combinations of the form « +
a1t + apt?. That is, span(1,t,t?) = C,[t]. Note that this set is itself a complex vector
space; we will come back to this point later. o

There is an important relationship between linear independence and span. Intu-
itively, if Y spans V, then any linearly independent set can be built from Y. Further-
more, Y may be redundant, i.e. larger than it needs to be, and X is irredundant so, in

CHAPTER 1. SPACE & POSITION 8



1.3. DIMENSION

some sense, minimal. This suggests, though certainly does not prove, that Y is larger
than X.

THEOREM 1.9 (Steinitz Exchange Lemma). If X and Y are sets such that X is linearly
independent and Y is finite and spanning, then |X| < |Y|, and there is some Z C Y
with |Z| = |Y| — | X| such that X U Z is spanning.

Proof. Suppose X = {x1,x2,...}and Y = {y1,...,yn}. Consider the set

Sl - {xllyll- . -,]/n}-

Since x; € V = span(yy,...,Yn), S1 is linearly dependent, and some y; is a linear com-
bination of the previous vectors x1,¥1,...,y;—1. Re-enumerating the y;’s as needed,
we may, without loss of generality, assume that i = n. Then y,, € span(Sy \ {y»}), so
S1\ {yn} spans V. Therefore, the set

So = {x2} U (S1\{yn}) = {x2, 21,41, -, Yn-1}

is linearly dependent. Continuing in this manner, and re-enumerating Y as necessary,
we obtain a sequence of linearly dependent spanning sets (Sy) given by

Sk = {xk} U (Sk—1 \ {Wn—ks2}) = {xks-- - X1, Y1, - -, Ykt }

for k > 2. Observe that this sequence continues so long as we have exhausted neither
X nor Y. Suppose |X| > |Y|. Then Y will be exhausted before X and, in particular, the
final set in our sequence will be

S?’l+1 = {anr]/- . -le} c X.

However, each Sy is linearly dependent, so this would imply that X is linearly depen-
dent, a contradiction. It follows that | X| < |Y]| so, in particular, X = {x1,..., Xy} for
some m > 1. Then the last set in our sequence is

Sm — {xT}’I/' . '/xllyll' . -/yn—m—i—l}/

which is a spanning set containing X. It is also linearly dependent, so there is some
y; which may be removed without altering the span. We have generally assumed
Yi = Yn—m+1. Removing this element yields the spanning set

{Xm, -, X, Y1, Yn—m} = XUZ,

withZ ={y1,...,Yn-m},s0 |Z| =n—m = |Y| — |X]. O
We are now ready to introduce and characterize the key objects of this section.

DEFINITION 1.10. A collection of vectors is a basis if it is linearly dependent and
spans V.

COROLLARY 1.11 (Dimension Theorem). If V' has a finite basis, then any two bases
of V have the same cardinality.

CHAPTER 1. SPACE & POSITION 9



1.4. ISOMORPHISMS

Proof. Let X be a finite basis of V, and suppose Y is any other basis. Then Y is
linearly independent and X is spanning, so |Y| < |X|, i.e. Y is finite. Additionally, X is
linearly independent and Y is spanning, so |X| < |Y|, and the result follows. O

The reader should note that not every vector space has a finite basis, as shown in
Example 7. While the dimension theorem does generalize to such spaces, these notes
will focus on the finite case. Unless otherwise stated, all vector spaces are assumed to
have finite bases or, equivalently, to have finite spanning sets.

COROLLARY 1.12. Every linearly independent set X can be extended to a basis.

Proof. Choose a basis B of V. There is some Z C B with |Z| = |B| — |X| such that
X UZ spans V. Clearly, |X U Z| < |BJ, hence X U Z is linearly independent, since it
spans V and B is linearly independent. O

COROLLARY 1.13.If B is a basis and X is either linearly independent or spanning,
then | X| = |B| implies X is a basis.

Proof. We will first consider the case that X is linearly independent. If X is not a
basis, then it may be extended to a basis Y with |Y| > |X| = |B|, a contradiction.
Alternatively, if X is spanning and not a basis, then there is some linearly independent
Y C X that spans V, which also contradicts the dimension theorem. O

Clearly, bases are both rigid and ubiquitous objects. The cardinality of a basis tells
us a lot about the structure of its vector space; we give this number a name:

DEFINITION 1.14. The dimension of a vector space V, denoted dim V, is the cardi-
nality of any basis of V.

To see that this definition recaptures our intuitive notion of dimension, consider
the following examples:

EXAMPLE 7. In Example 4, we defined a set {ey, ..., e, } of vectors in R" by

e1 = (1,0,0,...,0),
e; = (0,1,0,...,0),
€3 = (0,0,1,...,0),

en = (0,0,0,...,1).

A brief consideration shows that this set is a basis for R”, which we refer to as the
standard basis. From this, we see that R" is n-dimensional, which aligns with our in-
tuition. We’ve seen that the standard basis corresponds to our usual choice of axes.
More generally, choosing a basis in a vector space is essentially the same as choosing
axes. o

EXAMPLE 8. Considering the space Cj, [t] of complex polynomials of degree < n, we
see that the set {1, x,x2,...,x"} is a basis and has cardinality n + 1. Thatis, dim C, [t] =
n+1. o

§1.4. ISOMORPHISMS

We’ve seen that some vector spaces have similar structure. For example, recall that the
vectors in R[] are of the form at + B. This representation is unique, as can be seen

CHAPTER 1. SPACE & POSITION 10



1.4. ISOMORPHISMS

from the fact that {1, ¢} is a basis. Therefore, we may represent each of these vectors
as a pair («, 8), which lives in the space R2. Furthermore, if we have vectors at + 8
and 7t + ¢, then their sum is (« + )t + (B + 9), and this equality holds between their
representatives in R?: (a, B) + (7,8) = (a + 7, B + J). This suggests that the structure
of Ry [t] is in some sense the same as that of R?, in that we may equivalently take linear
combinations in one or the other.

DEFINITION 1.15. If V and W are vector spaces over a common field K, a mapping
¢ : V. — W is an isomorphism if it is invertible and preserves linear combinations, i.e.

p(ax + By) = agp(x) + Be(y). (1.3)

We say V is isomorphic to W, written V = W, if there is an isomorphism V' — W.
Functions ¢ : V' — W satistying (1.3) are called linear.
PROPOSITION 1.16. The relation = is reflexive, symmetric, and transitive.

Proof. (Reflexivity) For any vector space V, the identity 1y is an isomorphism from
V to itself.

(Symmetry) Suppose we have an isomorphism ¢ : V — W. Then we have ¢! :
W — V satisfying

¢~ (ax + By) —ag ! (x) = Bl (y) > wx+ Py —ax—py =0.
Since ¢ is injective and ¢(0) = 0, the left-hand side vanishes, so
¢ (wx + By) = wp~ ' (x) + B (y),

hence ¢! is an isomorphism.

(Transitivity) If ¢ : U — V and ¢ : V — W are isomorphisms, then po g : U — W
is as well. O

However, = is not quite an equivalence relation simply because the class of vector
spaces over K is not a set.

We've seen that Ry[f] = R? and, in particular, the map at + 8 — (a, B) is an iso-
morphism. A brief reflection shows that the map

n . n+1
Yot — Y aeryq
k=0 k=1

is an isomorphism, so R, [t] = R"*! for each n > 1. We construct this isomorphism
by having it send each t,—0 < k < n—to e, and demanding linearity. That is, it
emerges from the choice of basis {1,t,...,t"}. This suggests a way of constructing
isomorphisms in general.

PROPOSITION 1.17. If V is an n-dimensional vector space over a field K, then V' =
K".
Proof. Choose a basis {x1,...,x,} of V. Let ¢ : V. — K" be defined by

n n
Z KX li> Z D
k=1 k=1

CHAPTER 1. SPACE & POSITION 11



1.5. SUBSPACES

Clearly, ¢ is linear, so we need only show that it is invertible. Letting ¢ : K" — V be
defined by

n p
Z Xply —— Z KX,
k=1 k=1

Weseethatgoolp:]lKnandlpogo:]lv,soquqo_l. O

Consequently, two vector spaces V and W are isomorphic if and only if they have
the same dimension. Why then should we study vector spaces apart from K"?

There are a couple of reasons. First and foremost, we want to study vector spaces
as they arise in the structures of sets such as R,[t], and developing the theory in a
coordinate-free manner allows us to do this more fluidly. Secondly, coordinate-free
arguments can be more insightful, as proofs in K" are often obfuscated by tedious
computations and formal manipulations.

That being said, coordinate representations are often helpful. In Chapter 5, we
will develop computational tools based in K", which are essential when using linear
algebra in the wild. Additionally, since all n-dimensional spaces are all isomorphic
to K", it is reasonable to visualize the familiar coordinate spaces when thinking about
vector spaces.

§1.5. SUBSPACES

Consider a real n-dimensional space V. Choose some integer m < n, and let x1,..., x
be an arbitrary collection of vectors in V. By assumption, there is some linearly inde-
pendent set (e.g., a basis) of cardinality strictly greater than m, so P = span(xy, ..., Xp) #
V. Nonetheless, this set has some nice algebraic properties. Indeed, 0 € P and, for all

Y CkXi, L Mkxk € P,

o (i Ckxk> +p (i 77kxk> = i(txék + B1i)xx € P,
k=1 k=1

k=1

so P is itself a real vector space. This raises the question of what it looks like relative
to V. For the sake of simplicity, suppose {x1, ..., x, } is linearly independent. We may
extend this set to a basis {x1,...,Xm, Xp+1,...,%n} of V and choose the isomorphism
V — R’ that sends each x to e;. If m = 1, P is sent to the line through the origin and
ey. If m = 2, it’s sent to the plane containing ej, e, and the origin.

To summarize, spans of vectors are vector spaces themselves; they look like lines,
planes, etc. containing the origin. Naturally, such geometric objects are of interest.
However, as discussed in the previous section, we want coordinate-free definitions,
and defining our analog of lines in terms of spans would go against this. Instead, we
offer the following basis-free formulation:

DEFINITION 1.18. If V is a vector space over K and P C V, then P is a subspace of V
if

1. P is non-empty,

2. Forallx,y € Pand «,B € K, ax 4 By € P.
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Since P is non-empty, 0 = Ox € P and, for each x € P, —x = (—1)x € P. Therefore,
P C V is a subspace if it has a vector space structure induced by V via restriction.

We’ve seen that the span of a collection of vectors is a subspace. The converse relies
on the following obvious but important fact.

PROPOSITION 1.19. If P is a subspace of a finite-dimensional vector space V, then
P is finite-dimensional.

Proof. Suppose P is infinite-dimensional, so every finite linearly independent sub-
set of P is not spanning. We will construct a linearly independent set of size m for
each m € Z>y. For m = 0, the empty set & C P is linearly independent. Suppose
we have a linearly independent set I = {xy,...,x,} C P for some m > 0. Since P
is infinite-dimensional, I does not span P, and we may choose some non-zero vector
x € P\ span(I). If

m
Y agxi+px =0
k=1

then B = 0, else

x =) —x; €span(]),
k=1

a contradiction. It follows from the linear independence of I that each aj vanishes, so
IU{x} = {x1,...,xm, x} C P is a linearly independent set of size m + 1. Since each
linearly independent subset of P is also an independent subset of V, the exchange
lemma implies V is infinite-dimensional. O

COROLLARY 1.20. If P is a subspace of a finite-dimensional vector space V, then
dimP <dimV.

Proof. Choose a basis Xp = {x1,..., %y} of P. Then Xp C V islinearly independent,
sodimP = |Xp| < dim V. O

We turn our attention now to the construction of new subspaces from old. Intu-
itively, the intersection of two subspaces should correspond to their intersection as
hyperplanes.

PROPOSITION 1.21.If A, B C V are subspaces, then A N B is a subspace.

Proof. We have that0 € A,B,s0o0 € AN B,ie. AN Bisnon-empty. If x,y € ANB,
then x,y € A,B. Since A and B are subspaces, ax + By € A, B, hence ax + By €
ANB. O

Unfortunately, the union of subspaces is not generally a subspace. To see this,
consider the plane R? and let A and B be distinct lines through the origin: their union
is not a point, line, or plane. However, we have the next best thing:

DEFINITION 1.22. Let A and B be subspaces of a vector space V. Then the sum of
A and B, denoted A + B, is the set of all vectors of the forma + b fora € Aand b € B.

PROPOSITION 1.23.If A, B C V are subspaces, then A + B is a subspace as well.
Proof. Since 0 € A, B,

0+0=0c A+B.
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Foralla+b,a' +bV € A+B—a,a’ € Aand b,b' € B—

a(a+b)+ B +b) = (aa+pa)+ (ab+pb') € A+ B,

since wa + pa’ € A and ab + BV’ € B. O

We can often decompose vector spaces into sums of subspaces. However, decom-
positions are almost never unique. Indeed, each partition of any given spanning set
yields another decomposition. That being said, some of these decompositions are
nicer than others. Note that any sum V = A 4 B induces a decomposition of vec-
tors x = a + b. Under what conditions is this unique?

PROPOSITION 1.24.Let V = A + B. Each x € V can be written uniquely in the
form x = a+b—a € Aand b € B—if and only if AN B = {0}.

Proof. (=) If there is non-zeroy € AN B, theny = 0+y = vy + 0, so y cannot
be expressed uniquely in the form y = a + b. Taking the contrapositive yields the
implication.

(«<=) Choose bases {ay,...,an} and {by,...,b,} of A and B respectively. Since
V = A + B, these sets jointly span V. Suppose

m n
Z Xy + Z Bibx = 0.
k=1 k=1

Then

n

m
Y war = — Y Brby,
k=1

k=1

so Y aar € B. However, AN B = {0}, so ¥_aga, = 0. It follows from the linear inde-
pendence of {4;} and {b;} that the a;’s and By’s all vanish, hence {ay, ..., am, b1,...,bu}
is a basis of V. Therefore, each x € V can be written uniquely in the form

m n
x=Y mar+ Y i
k=1 k=1

and we are done. O

We refer to subspaces A and B as disjoint if AN B = {0}. A corollary of this proof
is that dim(A + B) = dim A + dim B when A and B are disjoint. We have a stronger
result of this form:

THEOREM 1.25 (Inclusion-Exclusion for Subspaces). If A and B are subspaces, then

dim(A + B) = dim A 4+ dim B — dim(A N B).
Proof. Choose a basis X = {x1,...,x,} of AN B. Extend this to bases

XA = {xl,...,xp,al,...,am} and XB = {xl,...,xp,bl,...,bn}

of A and B respectively. Clearly
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XAUXB = {xl,...,xp,al,...,am,bl,...,bn}

spans A + B. We will show that it is also linearly independent, hence a basis. Suppose

p m n
Z CrXx + Z apay + Z Bibx = 0. (1.4)
k=1 k=1 k=1
Then
p m n
Y Ckxe+ Y war = — Y Pebr € ANB,
k=1 k=1 k=1

so there are scalars 7, such that
p m p
Y Gkt Y wag = Y Xy,
k=1 k=1 k=1
hence

P m
Y (G —m)xe+ Y g = 0.
k=1

k=1

Since X4 is linearly independent, each of these coefficients vanishes—in particular,
each oy = 0—so (1.4) becomes

14 n
Y Cexi+ ) Brbx = 0.
=1 k=1

By the linear independence of Xg, each ¢ and By vanishes, so all of the coefficients
in (1.4) vanish, i.e. X4 U Xp is a basis of A 4 B. By the regular inclusion-exclusion
principle,

| XaUXp| = |Xal| +|Xp| = [XaNXp| = [Xa| + | Xp| = |X],

from which the result follows immediately. O

EXAMPLE 9. Consider a vector space V with basis {xy,...,x,}. For each k € [n],
let Sy = span(x). Clearly, V = Y} _; Si. Since x1, ..., X, are linearly independent, the
subspaces Sy are pairwise disjoint, and each x € V admits a unique decomposition
x = Y@, x, with each x} € Si. Since each x; is in the span of xi, x; = a;x) for some
unique «j, so this decomposition becomes x = )/ ; ayx. That is, we have restated
our characterization of bases in terms of one-dimensional subspaces, i.e. axes. o
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2

TRANSFORMATIONS

The theory of vector spaces is greatly enhanced by the consideration of structure-
preserving maps between them. Isomorphisms are particularly nice instances of these.
In this chapter, we study a more general class of transformations and prove several re-
sults regarding their structure.

§2.1. LINEAR TRANSFORMATIONS

DEFINITION 2.1. Let V and W be vector spaces over a field K. A linear transforma-
tion is a function T : V — W satisfying the following identity:

T(ax+ By) = aT(x) + BT (y). (2.1)

If V.=W, T is a linear operator.

We often omit parenthesis and composition symbols when working with linear
transformations, so T(x) and S o T become Tx and ST. By a quick induction, (2.1) is
equivalent to

T i KX = i Dékak.
k=1 k=1

That is, linear transformations preserve linear combinations.

Brief reflection shows that linear combinations and compositions of linear trans-
formations are themselves linear. In other words, the set £ (V, W) of linear transfor-
mations V' — W is itself a vector space. In the case V = W, we have an additional
(non-commutative) multiplicative structure given by composition. To save time, we
write .Z (V) for the space of operators .Z(V, V).

Part of the reason for studying linear transformations is that they are extremely
easy to characterize. Suppose T : V. — W is linear, and let {x, ..., x,, } be a basis of V.
Then, for all }_a;x; € V,

n n
T Z KX = Z Dékak.
k=1 k=1

That is, the behavior of T is completely determined by its behavior on any given basis.
This is easiest to see in the case V = W. Consider V with some fixed basis. Then T
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may be viewed as moving each of the basis vectors of V (morally, each of the axes) and
transforming every other point relative to these. Formally,

PROPOSITION 2.2. If V and W are vector spaces, if {x1,...,x,} is a basis in V, and
if y1,...,yn are any (not necessarily distinct) n vectors in W, then there is a unique
linear transformation T : V' — W such that Tx; = y; for all k.

Proof. We may take each vector in V in the form, uniquely-determined, ) a;xx. De-
fineT:V — Wby

n n
T Z KX = Z XYk
k=1 k=1

Then T is linear, and Tx; = yx for all k. To show that T is unique, suppose we have
S € Z(V,W) with the same property. Then (S — T)xy = yx — yx = 0 so, by linearity,

n n
(S—T)) apxp =Y ax(S—T)xx =0
k=1 k=1

forall }_ayx, € V,ie. S—T =0. O]
COROLLARY 2.3. If V. and W are n and m-dimensional, then . (V, W) is nm-dimensional.
Proof. Let X = {x1,...,xs}and Y = {y1,...,ym } be bases of V and W respectively.

Then, foreach1 < i <nand1 < j < m, let BZ-]- be the unique linear transformation
defined by Bjjxy = d;y; for all k. Suppose

n m
GijBij = 0.
—1j=1

i=1j

Then, foreach1 <k < mn,
n m n m m
0=Y % &Bixk =YY Gijduyj = ) k-
i=1j=1 j=1

i i=1j=1

By the linear independence of Y, each ¢;; vanishes, hence the B;;’s are linearly inde-
pendent. To show that they form a basis, let T € .#(V, W) be arbitrary. Being a linear
transformation, T is uniquely determined by its values on X, so it is sufficient to show
that there is some linear combination of {B;; } that agrees with T on this basis. For each
Xy, there are scalars ayq, . . ., &k, such that

m
Txk = Z (Xk]']/]'.
j=1

Consider the linear transformation given by

n m
Y ) B

i=1j=1

Then, for each xy,
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n m
Z Z aijBijxi = Z Z“ZJ ikYj = Z“kﬂ/] = Txi.

i=1j=1 i=1j=1

We have shown that {B;;} is spanning, hence a basis. Since |{B;j}| = nm, we are
done. O

Before moving on, we ought to consider some examples. The reader should take a
moment to verify the linearity of each.

EXAMPLE 10. For any vector space V, we have the identity operator 1y that sends
each x € V toitself. Similarly, between any two vector spaces V and W we have the
zero operator 0, which sends every vector to 0. A brief reflection shows that the zero
operator is the additive identity of the space .Z(V, W). o

EXAMPLE 11. The map from C;[t] to C,[t] given by left-multiplication by ¢, i.e.
p(t) — tp(t), is linear. Choosing the basis {1,t} of C1[t], we may equivalently de-
fine this as the unique linear transformation that sends 1 to t and ¢ to t*. Note that
the image of this tranformation in C;|t] is the 2-dimensional subspace of polynomials
with constant term zero. o

EXAMPLE 12.Let V = A + B, where A and B are disjoint subspaces. Then each
x € V admits a unique decomposition x = a+b,witha € Aandb € B.LetE: V — V
be the linear operator defined by E(a + b) = a4, so E acts like the identity on A and the
zero operator on B. This transformation is an example of a projection. o

EXAMPLE 13.1If f : R" — R™ is differentiable, then the derivative of f at p € R",
denoted df,, is the unique linear transformation R" — R™ satisfying

fim f(p+h)—f(p) —dfp(h)|

=0.
h—0 |l

That is, df, provides the best linear approximation to f near p. Furthermore, the func-
tion d(-), from the space of functions R" — R differentiable at p to .Z(R",R") is
itself linear. o

EXAMPLE 14. Let C°[0, 1] denote the vector space of continuous functions [0,1] —
RR. The Volterra operator is the function V : C°[0,1] — C°[0, 1] defined by

— /0 " F(hdt

for all f € C°[0,1] and x € [0,1]. As the name suggests, V is a linear operator. o

§2.2. AND THEIR STRUCTURE

For this section, fix a linear transformation T : V — W. The structure of T is best
studied in terms of subspaces associated to it. But first, we need to understand how
subspaces behave under T.

As a brief review of terminology, the image of A under T is the set

T(A) = {Tx:x € A},
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and the preimage of B under T is the set

TY(B)={x € V:Txc B}.

PROPOSITION 2.4. The image or preimage of a subspace (of V or W respectively)
under T is a subspace.

Proof. Suppose A C V is a subspace. Clearly, 0 € T(A), since TO = 0. If Tx, Ty €
T(A), then ax + By € A, so

aTx + BTy = T(ax + By) € T(A).

Similarly, suppose B C W is a subspace. Since T0 = 0 € B, 0 € T-Y(B). If
x,y € T~1(B), then

T(ax + By) = aTx + BTy € B,

so ax + By € T~1(B). O

We want to quantify the injectivity and surjectivity of T using vector spaces. Start-
ing with the latter, by definition, T is surjective if and only if T(V) = W. More gen-
erally, we might say that the larger T (V) is, the more surjective T is. From the result
above, we know that T(V) is a subspace of W. This lends a natural notion of the size
of T(V):

DEFINITION 2.5. The image of T is the subspace im(T) = T(V). The rank of T,
written rank(T), is the dimension of its image.

Quantifying injectivity is a little trickier. We may reframe the problem as follows:
how can we vary x so that Tx remains constant? Note that Tx = Ty if and only if
T(x —y) = 0. Therefore, for any x € V, T(x + h) = Tx if and only if Th = 0; the space
of all such & is the preimage of the zero vector.

DEFINITION 2.6. The kernel of T is the subspace ker(T) = T~1({0}). The nullity of
T, denoted nullity(T), is the dimension of its kernel.

Before proving any results, we reconsider some examples from the previous sec-
tion.

EXAMPLE 15. Consider the projection E from Example 12. We saw that it acts like
the identity on A and the zero operator on B. From this, we infer that im(E) = A and
ker(E) = B. o

EXAMPLE 16. Let V denote the Volterra operator from Example 14. Suppose Vf =
0,ie. (Vf)(x) = 0forall x € [0,1]. Since f is continuous, Vf is differentiable with
(V£) (x) = f(x) forall x € (0,1). And since Vf is constant, f(x) = (Vf)'(x) = 0 for
all x € (0,1). Lastly, since f is continuous, f(0) = f(1) = 0, for otherwise we could
choose some e-neighborhood of 0 (resp. 1) in which f is non-zero, a contradiction. It
follows that f = 0, so ker(Vf) = {0}, i.e. V is injective.

Now, were C°[0, 1] finite-dimensional, V would also be surjective for reasons that
will be discussed later. However, C°[0,1] is not finite-dimensional, and V is not sur-
jective since every function in its image is differentiable on the open interval (0,1), a
property not shared by all continuous functions. o
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We will use our new tools to provide another characterization of isomorphisms.
Our main result on the structure of linear transformations, rank-nullity, appears in the
next section.

PROPOSITION 2.7. A linear transformation T : V — W is an isomorphism if and
only if it sends bases to bases.

Proof. (=) By definition, T is invertible, so its image is W, and its kernel is trivial.
Let X = {x1,...,x,} be abasis of V. Then each element of im(T) is of the form

n n
T Z KX — Z (Xkak,
k=1 k=1

i.e. W is spanned by the vectors Txj, ..., Tx,. Furthermore, these vectors are linearly
independent. Indeed, if

n
KX = O,

n
Z Dékak =T
k=1 k=1

then Y ayx; € ker(T), which is trivial, so

i KX = 0.
k=1

By the linear independence of X, each ay vanishes, so {Tx,..., Tx,} is a basis of W.
(<) Choose a basis X = {x1,...,x,} of V,s0 T(X) = {Tx1,..., Tx,} is a basis of
W. Clearly, im(T) = W, so we need only show that T has a trivial kernel. Suppose

n
0=T Z KX = i DCkak.
k=1 k=1

Then, by the linear independence of T(X), each a; vanishes, hence Y ajx; = 0. It
follows that ker(T) = {0}. O

§2.3. QUOTIENT SPACES

We’ve seen that the nice linear transformations are those with trivial kernels, i.e. the in-
jective ones. They are nice because they preserve linear independence, so we may find
unique representations of the vectors in their image. In this section, we will construct
spaces through which we can naturally factor general transformations into injective
ones.

Consider a linear transformation T : V. — W and a subspace M C ker(T). We
want to cut M out of T’s kernel. We can do this by taking V and collapsing M to the
origin. Formally, this looks like a space Q(M) together with a surjective linear map
v 2V — Q(M), called the canonical projection, satisfying ker(7tyr) = M. We want
to extend T naturally to a transformation T : Q(M) — W. That is, we demand that
Q(M) and 7ty be such that, for every T € £ (V, W) with ker(T) 2 M, the following
diagram commutes:
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nMT \\\\N (2.2)

V—>W

This is called the universal property of quotients, and it defines Q(M) up to isomor-
phism. Indeed, if we have (Q(M), rp1) and (R(M), Ta) satisfying (2.2), then we may
factor 71 through R(M) and 1) through Q(M), obtaining the commutative diagram

Q(M) — R(M)

”MT ///ﬂiﬂ -

Vi— Q(M)

Therefore 7y = 7Tpp 0 Ty © Ty However, iy = Lo(m) © 7Tm So, by uniqueness,
7tm © T = Lom)- Swapping (Q(M), tm) and (R(M), Tar) in the diagram yields Ta o
7tm = Lg(p), hence 7y and Ty are inverses, and Q(M) is isomorphic to R(M).

Having shown that the universal property provides a complete definition of quo-
tients, we will now construct one. If we take a subspace M and collapse it to the origin,
every other vector should be identified with its displacement from M. In the case of
the Cartesian plane, if M is some line through the origin, we are interested in the vector
space formed by the set of lines parallel to M.

More generally, fix a vector space V and a subspace M. Two vectors x and y lie
in a hyperplane parallel to M if one can be obtained from the other by translating by
some element of M, i.e. if x = y + m or, equivalently, if x —y € M. Write x ~ y
when x — y € M. Then ~ is an equivalence relation on V. Note that for each y € [x]~,
y—x=mé€ Mandy = x+m. Thatis, [x]. =x+ M = {x+m : m € M}. The set
x + M is called the coset associated with x mod M.

DEFINITION 2.8. Let V be a vector space and M a subspace of V. The quotient space
of V. mod M, denoted V /M, is the vector space of ~ equivalence classes of V with
addition and scaling defined by

a(x+M)+ By +M) = (ax+ py) + M
The canonical projection 1tp; : V. — V /M is given by ma(x) = x + M.

fx+M=x'+Mandy+M =y + M, ie if x — x" and y — i/ are vectors in M,
then

(ax + By) — (ax' + By') = a(x =) + By —y') € M
SO
(ax+ By) + M = (ax' 4+ By') + M
It follows that 7ty is linear, and the operations given above are well-defined.
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We will now show that the construction V' /M satisfies the universal property of
quotients.

THEOREM 2.9 (Factorization Theorem). For every linear transformation T : V — W
with ker(T) O M, there is a unique transformation T/M : V/M — W such that
T =T/Momy.

Proof.Let T : V. — W be any linear transformation satisfying ker(T) O M. Note
thatif x —y € M, then Tx — Ty = T(x — y) = 0. Therefore, we may define a transfor-
mation T/M : V/M — Wby T/M(x + M) = Tx. Then

a(x+ M)+ By + M) M Ty + BTy = aT/M(x+ M) + BT/ M(y + M),

so T/M is linear. Clearly, T = T/M o 1), so we need only show that T/M is the
unique transformation satisfying this identity. Suppose we have T : V/M — W such
that T = T o 71);. Then

T(x+ M) = (Tomy)x =Tx =T/M(x+ M)

forallx + M e V/M,soT = T/M. O

We introduced quotient spaces as a means of making kernels trivial. We are now
ready to show that they can.

COROLLARY 2.10 (First Isomorphism Theorem).If T : V — W is linear, then the
transformation x + ker(T) + Tx is an isomorphism V /ker(T) — im(T).

Proof. Let M = ker(T), and consider the transformation T/ M. If x + M € ker(T/M),
then Tx = 0, so x € M. Thus, x + M = 0+ M, and the ker(T/M) is trivial. Clearly,
im(T/M) =im(T), so T/ M is an isomorphism, and we are done. O

This result also gives us an easy expression for the dimension of quotient spaces.

COROLLARY 2.11. If V is a vector space, M a subspace, then dimV/M = dim V —
dim M.

Proof. Choose a basis {x1,...,xn} of M, and extend it to a basis {x1,...,x,} of V.
Let T : V — V be the linear transformation defined by Tx; = 0 for 1 < k < m and
Txx = xi for m < k < n. Then ker(T) = M and im(T) = span(x,;+1,...,Xn) so, by the
first isomorphism theorem, dim V/M = dim(im(T)) = n — m. O

We are now ready to prove our main result regarding the structure of linear trans-
formations.

THEOREM 2.12 (Rank-Nullity). If T € £ (V, W), then

dim V = rank(T) + nullity(T).
Proof. By the first isomorphism theorem, im(T) = V /ker(T) so, taking the dimen-
sion of both sides, we have rank(T) = dim V — nullity(T). O
When constructing V /M, we visualized it as the set of hyperplanes parallel to M.
In particular, let’s consider the case where V = R? and M is some line through the

origin. If N is some complementary subspace (so MNN = {0} and M+ N = V), then
N is a line through the origin distinct from M. Consequently, it is not parallel to M nor
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to any of the lines parallel to M, i.e. the elements of V /M. As such, it intersects each
coset of M exactly once. This yields a one-to-one correspondence; in fact, it yields an
isomorphism.

PROPOSITION 2.13.If V is a vector space and M a subspace, then any subspace
complementary to M is isomorphic to V' /M.

Proof. Let N be any complement of M. Let my|y : N — V/M be the restriction
of 7ty to N. Since ker(rry) = M, and since M and N are disjoint, the restriction
iMm|N : N — V /M has trivial kernel and is injective. We have V.= M + N so, for each
x+MeV/M,x=m+nforsomem € Mand n € N. Then my|y(n) =n+M =
n+m-+ M = x+ M, hence 7rp|y is surjective, and we are done. H

§2.4. DIRECT SUMS

In §1.5, we introduced sums of subspaces, which allow us to glue together subspaces
of a vector space. In general, we want to be able to combine spaces simply. The trouble
is that, given vector spaces M and N, the expression M + N only makes sense if we
have an ambient space V containing both M and N as subspaces. In this section, we
provide a general construction for the sum of arbitrary families of vector spaces (over
a common field K).

We will start by characterizing what a sum of vector spaces ought to be. As with
quotients, the definition will be by universal property. Consider vector spaces X and
Y and linear transformations Tx : X —+ W and Ty : Y — W. Rather than thinking
about gluing X and Y together, consider combining Tx and Ty. If T : C(X,Y) — W
is obtained by gluing together Tx and Ty, then we should be able to appropriately
restrict T to recover each of these transformations. That is, we want to embed X and Y
into C(X, Y) such that T acts like its constituent transformations on the corresponding
embedded spaces. Then C(X,Y) contains subspaces that are naturally identified with
X and Y, i.e. it serves as an ambient space for the sum X + Y. By demanding that T is
uniquely determined by Tx and Ty, we are saying that it is determined by its behavior
on X and Y, so these subspaces together encode all of C(X,Y). For that reason, it is
reasonable to call C(X,Y) the sum of X and Y.

Formally, given vector space X and Y, a vector space C(X,Y) together with em-
beddings ix : X — C(X,Y) and 1ty : Y — C(X,Y)—the canonical inclusions—satisfies
the universal property of direct sums if, for any Tx € £ (X, W) and Ty € .Z(Y, W), there
is a unique linear transformation T : C(X,Y) — W such that the following diagram
commutes:

Tx TT v (2.3)

X ——C(X,)Y) «+—Y
X Ly

A similar argument as with the universal property of quotients shows that (2.3) defines
C(X,Y) up to isomorphism. Constructing C(X,Y) is easy:
DEFINITION 2.14. If X and Y are vector spaces over a field K, their direct sum, de-

noted X @ Y, is the vector space consisting of the set X x Y under the operations de-
tined by
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a(x1,y1) + B(x2,¥2) = (ax1 + Bxo, ay1 + By2)-

The canonical inclusions are given by x —= (x,0) and y — (0, v).

The reader will verify that X @ Y is a vector space.

THEOREM 2.15.If A : X — W and B : Y — W are linear transformations, there
is a unique transformation A® B : X® Y — W such that (A ® B) oix = A and
(A @ B) oty = B. Thatis, X @ Y satisfies the universal property of sums.

Proof. Suppose we have linear T : X @Y — Wsuchthat Toix = Aand T oty = B.
Then T(x,0) = (Toix)x = Axand T(0,y) = (Toty)y = Byforallx € Xand y € Y.
By linearity, T(x,y) = T(x,0) + T(0,y) = Ax + By for all (x,y) € X @& Y. We define
A®B:X®Y — W, (x,y) — Ax + By, and we are done. O

When A : X — X and B : Y — Y are linear operators, we write

A@B:(LXOA)@(lYOB),

so (A® B)(x+vy) = (Ax, By).

As a generalization of sums of subspaces, the dimension of direct sums is unsur-
prising.

PROPOSITION 2.16. dim(X @ Y) = dim X + dim Y.

Proof. Note that 1x(X) and 1y (Y) are disjoint, and tx(X) + 1y (Y) = X @ Y. Since ix
and 1y are injective, dim(i1x(X)) = dim X and dim(iy(Y)) = dim Y. Thus,

dim(X @ Y) = dim (1x(X) + 1y (Y)) = dim X + dim Y.
[]

In this proof, we saw that X and Y may be viewed as disjoint subspaces of X © Y.
The converse also holds: if M and N are disjoint subspaces of some vector space V,
then M + N is naturally isomorphic to M & N. This follows from the fact that each
vector in M + N can be represented uniquely in the form m + n, with m € M and
n € N, and that the correspondence m + n +— (m, n) is linear. On account of this, we
write M+ N as M @ N when M and N are disjoint. While this does overload notation,
such an ambiguity is acceptable up to canonical isomorphism.

The direct sum operation is commutative, i.e. X &Y = Y @ X, as can been seen by
verifying that (x,y) — (y, x) is an isomorphism. Similarly,

(XoY)eZ2Xae (Y Z),

with the isomorphism given by ((x,y),z) — (x,(y,z)). Consequently, we may un-
ambiguously refer to direct sums of finite families of vector spaces. The universal
property generalizes as well: Fix a family of vector spaces (X )kc[y)- For any family
of linear transformations (Ty : Xz — W)ic[,), there is a unique linear transformation
T : @)_; Xx — W such that the following diagram commutes for each k:
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4%

T

X —— D1 Xk

where 1 is the canonical inclusion of X.

We can further generalize to arbitrary families, with the only additional detail be-
ing that the underlying set of @< Xy is the set of all (xy)re; € [lker Xk such that
xr = 0 for all but finitely many k. However, the study of such sums is beyond the
scope of these notes.

Some remark is due on the connection between direct sums and quotients. The
space X @ Y is, intuitively-speaking, the smallest vector space containing X and Y as
complementary subspaces. Consequently, if we quotient out one of these constituents,
we should be left with the other.

PROPOSITION 2.17. The vector space (X & Y)/Y is isomorphic to X.

Proof. Consider the linear projection ¢ : X &Y — X, (x,y) — x. Clearly, ker(¢) =
Y and im(¢) = X so, by the first isomorphism theorem, ¢/Y : (X ®Y)/Y — X is an
isomorphism. O

§2.5. DUAL SPACES

Consider the real line R!. How can we impose a measurement system on this space?
Well, visualizing R! as the typical real number line, we can imagine laying a two-
way infinite ruler on it, with evenly-spaced positive ticks extending in one direction,
negatives in the other, and with the 0 mark lying on top of the 0 vector.

Lety : R! — R be the function sending each vector to its value on the ruler. We can
say a few things about ¢. In the first place, the ruler’s value varies evenly, so adding a
vector i to x € R! displaces its value under ¢ by ¥ (h), i.e. (x +h) = ¢(x) + ¢p(h). By
similar reasoning, scaling x scales its value under i proportionally: ¢ (ax) = agp(x).
It follows that ¢ is linear. That is, we may think of the rulers we can place on R! as
corresponding to linear maps R! — R and, in doing so, we see that they form a vector
space.

Generalizing this, we might say that the systems of measurement on a space V over
a field K (and here we mean the algebraically-nice systems) correspond to the linear
transformations V' — K. On account of this analogy, we give such transformations a
name:

DEFINITION 2.18. A linear functional on a vector space V (over a field K) is a linear
transformation V' — K. The dual space of V is the vector space of linear functionals
V= 2(V,K).

In the starting example, each linear functional in (R!)’ is uniquely determined by
its value at any fixed non-zero vector x;. Consequently, the linear functional ¢ defined
by ¢(x1) = 1 constitutes a basis of (R!)’. More generally, we know that a linear
functional, being a transformation, is determined by its value on a basis. This allows
us to push bases from a space to its dual.
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PROPOSITION 2.19. If X = {xy,...,x,} is a basis of V, then there is a unique basis,
called the dual basis of X, X' = {x!,...,x"} of V' such that x'(xj) = g forall 1 <i,j <
n. Consequently, dim V' = dim V.

Proof. Define each x’ by x'(x;) = §; for each x; € X. Suppose

Then, foreach 1 <i < n,

n n
0=Y apxf(x;) = Y apdi = a;,
=1 =1

sox!,..., x"are linearly independent. Furthermore, for each ¢ € V’, let
- k
P =) plxp)x".
k=1
Then
n 3 n
() = ) @) (x;) = Y o(x0)0k = ¢(x7)
k=1 k=1

for each x; € X. Since linear transformations are uniquely determined by their values
on xy,..., Xy, it follows that i = ¢, so xl, L x" spans V. O

Unfortunately, V is not naturally isomorphic to V': in order to construct an isomor-
phism V — V’, we must choose a basis. There is, however, a natural isomorphism
between V and the double dual V”. The idea of the correspondence is that we can
measure linear functionals by looking at their value at a point. It is a nice property of
finite-dimensional vector spaces that this is a complete characterization.

THEOREM 2.20 (Reflexivity). To each u € V", there corresponds a unique x € V
such that u(¢) = ¢(x) for all ¢ € V'. The function p — x is an isomorphism between
V"and V.

Proof. Choose a basis {x1,...,x,} of V, and let {x!,...,x"} be the corresponding
dual basis in V'. Let u € V" be arbitrary. For existence, let

n

X = Z y(xk)xk.

k=1

Then, for any ¢ = Y axk e v/,
- k
nig) = ) agp(x")
k=1
and

p(x) = Z “k.”(xi)xk(xi) = 2

n . n
aep (X))o =) ap (x5,
k—1i=1 —1i=1 k=1
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so (@) = ¢(x). For uniqueness, suppose we have y such that, forall ¢ € V/, u(¢) =
¢(y). Then ¢(x) — ¢(y) = ¢(x —y) = 0 for all ¢ € V'. If x — y were non-zero, then
we could choose ¢ such that ¢(x — y) # 0. Therefore, x = y.

Consider the map T : V' — V such that u(¢) = ¢(Tu) for all ¢ € V'. Then T is
linear, since, for any p, 17 € V",

(ap + 1) (@) = aple) + i (¢) = ¢(aTp + BTy).
Furthermore, T is injective, since Ty = Ty implies
u(e) = ¢(Tu) = o(Tn) = 1(9)

for all ¢ € V'. Lastly, T is surjective as, for each x € V, we may define y, € V" by
tx(p) = @(x); clearly Ty, = x. O

In light of this result, we identify V with V.

We turn our attention now to subspaces of dual spaces. In particular, we want
to find a natural correspondence between subspaces of V and subspaces of V'. Fix a
subspace M. The naive approach is to embed M’ in V'. The problem with this is a lack
of canonicity.

Try sending each ¢|p € M’ to ¢ € V' such that ¢ acts like ¢|p on M and vanishes
everywhere else. The only way to do this so that ¢ is linear is to choose a decom-
position V.= M @& N and define ¢ = ¢|p @ Oy. The problem is that the resulting ¢
is dependent on our choice of N, of which there are generally many. Indeed, if we
have V.= M & N; = M & N, with N; # N, then we can choose a non-zero vector
x € Nj \ N,. By assumption x = m + n; for some m € M and ny € N,. Furthermore,
since x & Np, m # 0. Choose @[y € M’ such that ¢[p(m) # 0, and let p1 = ¢|ym © Op,
and @y = @|p @ Op,. Since x € Ny, ¢1(x) = 0. However, ¢2(x) = ¢|pm(m) # 0. Thus,
@1 # ¢2, and our proposed embedding of M’ is dependent on an arbitrary choice.

Perhaps a different approach is needed. Rather than considering functionals that
are interesting on M, let’s consider ones that are interesting away from M.

DEFINITION 2.21. Let M be a subspace of a vector space V. The annihilator of M is
the subspace M? = {¢ € V' : ¢(m) = 0 for all m € M}.

Reflexivity carries over to annihilators. The following result holds under the iden-
tification V" = V.
PROPOSITION 2.22. If M is a subspace of V, then M® = M.

Proof. If y € M, then ¢(y) = y(¢) = 0 forall 9 € M?, soy € M. Indeed, if
y & M, then we could choose a linear functional that vanishes on M, so is in MY, but
does not vanish at y. Conversely, if x € M, then x(¢) = ¢(x) = 0 for all ¢ € M?, so
x € M, O

Consequently, the map M — M? provides a contravariant correspondence be-
tween subspaces of V and subspaces of V'.

The space M looks like V' ignoring M. As V /M is obtained by forcing M to be
trivial, the next result follows readily from its universal property:

PROPOSITION 2.23. If M is an m-dimensional subspace of an n-dimensional vector
space V, then (V/M)" = M. Consequently, dim M°? = n — m.
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Proof. If ¢ € M?, then M C ker(g), so we may define a map M° — (V/M)’, ¢ —
®/M. Let mp; denote the canonical projection onto M. For all ¢, € M and all
x+MeV/M,

(xp/M+ pp/M)(x + M) = (xpx + pipx) + M = (ag + pip)/ M(x + M),

soanp/ M+ Bp/M = (ap+ Byp) /M, and the map ¢ — ¢/Mislinear. If o/ M = /M,
then ¢ = ¢/Mo mpy = /Mo mp = P, so our transformation is injective. Further-
more, for each ¢ € (V/M)’, let ¢ = { o rtpr. Then ¢/ M = &, so our transformation is
surjective, hence an isomorphism. O

Lastly, we can lift transformations between spaces to transformations between du-
als.

DEFINITION 2.24.If A : V — W is linear, then the adjoint of A is the linear trans-
formation A’ : W — V' defined by A’¢(x) = ¢(Ax).

The map A — A’ has some nice algebraic properties.

PROPOSITION 2.25. Let A, B € .Z(V,W). Then

1. Inthecase V=W, 0}, = Oy and 1, = L.

2. (xA+BB) =aA’ + BB,

3. (AB) = B'A/,

4. If A is invertible, then sois A, and (A~1)" = (A")~1,

5. A” = A.

Proof. For any ¢ € W and any x € V,

L Oy¢(x) = ¢(0) = O and 1y, 9(x) = ¢(x).

2. (®A+BB) ¢(x) = ap(Ax) + Bo(Bx) = (¢A" + BB )p(x).

3. (AB)'¢(x) = ¢(ABx) = (A’9)(Bx) = (B'A")p(x).

4. Byl.and 3., (AA™Y) = (A 1)A' =1y and (ATA) = A/(A71) =1y

5. By reflexivity, A”x(¢) = ¢(A”x). Then ¢(A"x) = A’¢p(x) = ¢(Ax) forallx € V
and ¢ € V/,s0 A" = A.
[

To conclude, we will prove an important structure theorem regarding T and T":

THEOREM 2.26.If T : V — W is linear, then ker(T’) = im(T)°. Consequently,
rank(T) = rank(T").

Proof. By definition, ¢ € ker(T’) if and only if T'p(x) = ¢(Tx) = O0forallx € V.
That is, ¢ € ker(T’) if and only if ¢(y) = 0 for ally € im(T), i.e. ¢ € im(T)°. Taking
the dimension of both sides and applying rank nullity, we have

dim W — rank(T') = dim W — rank(T),
so rank(T’) = rank(T). O
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§2.6. PROJECTIONS

In this section, we consider a class of non-invertible transformations that emerge from
direct sum decompositions. For our discussion, fix a vector space V.= M @ N.

DEFINITION 2.27. The projection onto M along N is the linear operator Py ny € £ (V)
defined by Py n(m +n) = m.

The action of Py y is best visualized in the 3-dimensional case, where M is a plane
and N is a line. Then Py n(x) is the shadow on M cast by a point x on account of a
spotlight directed along N. If x lies on M, then it is its own shadow. This observation
lends a complete characterization of projections:

PROPOSITION 2.28. A linear operator P : V — V is a projection if and only if
P =P.

Proof. (=) If P = P, p for some A and B satisfying A & B = V, then P*(a + b) =
P(a) =a=P(a+b)foralla+b € V,so P> =P.

(<=) If x = Py € im(P) Nker(P), then 0 = Px = P?y = Py = x. Thus im(P) and
ker(P) are disjoint. By inclusion-exclusion and rank-nullity,

dim(im(P) & ker(P)) = rank(P) + nullity(P) = dim V,

so V =im(P) @ ker(P). For all Py + x € V with Py € im(P) and x € ker(P),

P(Py +x) = P*y = Py.

Therefore, P is the projection onto im(P) along ker(P). O

In this proof, we saw that P projects onto its image along its kernel. It’s an easy
exercise to show that this holds in general; that is, im(Py ) = M and ker(Pyn) =
N. It is a particularly nice property of projections that their images and kernels are
disjoint; this does not hold for transformations in general.

PROPOSITION 2.29. If V. = M @ N, then Py y = Pyo pp0-
Proof. Let ¢ € V' be arbitrary. To begin,

Pyn(x) = ¢(Pun(x)) = ¢(Piyn(x)) = (Pn)e(x)

forall x € V, so Py, \, = (P}, \)?* is a projection.
As to what P}, 5, projects onto, note that

Py n9(n) = ¢(Pynn) = ¢(0) =0
forall n € N, so im(Py, ;) € N°. Conversely, if ¢ € N, then
Py ntp(m +n) = (m) = p(m +n)

forallm+n € V,sop = Py yip € im(Py, ). Thus,im (P}, ) = N°. As for the kernel,
if p € M?, then
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Py (m +n) = ¢(m) =0

forallm+mn € V, so P]’VLNq) = 0, hence M° C ker(P]’VLN). Conversely, if PII\/I,N’JJ =0,
then ¢(m) = 0 for all m € M, so ¢ € MO It follows that ker(Py, ) = M?, so

/ —
PM,N — PNO/MO- D

COROLLARY 2.30. If V= M@ N, then V/ = MY ¢ NO.
Proof. Let P be the projection onto M along N, so P’ = Pyo yp0. Since P’ is a projec-
tion, im(P’) = N? and ker(P') = M? are disjoint. Furthermore, by rank-nullity,

dim(im(P’) @ ker(P’)) = rank(P’) + nullity(P’) = dim V’,

hence V' = im(P’) @ ker(P’). O
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INVARIANTS OF OPERATORS

If two spaces are essentially the same, intuition says we can transform them in essen-
tially the same ways. Consider vector space V and W. Any isomorphism T : V — W
induces an isomorphism .Z (V) — Z(W) given by A — TAT~!. Since TABT ! =
(TAT~1)(TBT™1), this isomorphism preserves composition. This backs our intuition:
isomorphic vector spaces are acted on by the same operators.

However, this sameness should be taken with a grain of salt; £ (V) and .Z(W)
can be the same in at least as many different ways as there are isomorphisms between
the spaces they act on. This raises the question: given operators A € £(V) and
B € (W), under what conditions is there an isomorphism T : V — W that identifies
the two, i.e. A = TBT1? If there is such an isomorphism, we say that A and B are
similar.

Not all operators are similar. For example, operators of different ranks are not. In
general, it is difficult to prove similarity. On the other hand, there are myriad ways
to show dissimilarity. These take the form of similarity invariants, which are objects
S(A) associated to operators A with the property that S(TAT~!) = S(A). Rank is one
example and, in this chapter, we construct others. Each measures a different aspect of
a linear operator, and is interesting in its own right.

Much of this chapter is laying groundwork. In Chapter 5, we will develop methods
for computing similarity invariants.

§3.1. MULTILINEAR MAPS

In general, we can study linear operators by looking at how they transform collections
of vectors. For example, an operator is invertible if and only if it preserves bases.
As such, in search of means of measuring operators, we consider functions that eat
collections of vectors.

DEFINITION 3.1. Let V3, ..., V,;; and W be vector spaces over a field K. A function
w : TTi Vi = W is m-linear if, fixing m — 1 of its arguments, the map

Vi W, x—= w(X1,. .0, X_1,%, X4, Xm)

is linear for each k. In other words, w is m-linear if it is linear in each of its m compo-
nents.
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When W = K, we call w an m-linear form, or m-form. When m = 2, we say w
is bilinear. Clearly, 1-linear maps are linear transformations, and 1-forms are linear
functionals.

EXAMPLE 17. The evaluation map is the bilinear form V' x V — K given by (¢, x) =
¢(x). More generally, given V and W, the mapping .Z(V,W) x V. — W given by
(A, x) = Ax is bilinear. ©

EXAMPLE 18. For any m linear functionals ¢1,..., ¢, € V! the map

m

V" = K, (x1,.. . xm) = [ ] or(xk)
k=1

is an m-linear form. In general, if w : H,’Z:l U, — Kand 7 : HZ:1 Vx — Kare p and
g-forms, then the map

p q
[T xIV% =K (x1,oxp, 91,0 Yg) — w(x1,..,%p) -1 (Y1, .-, Yy)
k=1 k=1

isa (p + gq)-form. o

We should note that m-linear maps don’t eat collections, but rather ordered collec-
tions of vectors. Geometrically, this means that m-linear maps are sensitive to orienta-
tion. To study this further, we need to understand permutations.

DEFINITION 3.2. A permutation of a set X is a bijection of X onto itself. The set of
all permutations of X, denoted Sy, is the symmetric group of X. When X = {1,...,n},
we write Sy = S;,.

Given any two permutation 77, T € Sy, their composition 7T = mo 1T € Sx. For
any ¢ € Sx, 0lx = ¢ = 1xo, where 1x € Sx is the identity map x + x; ¢ has an
inverse function 0! € Sy satisfying co~! = 1x = 0~ l0.

Foranya,b € X,a # b, the transposition of a and b, denoted (a b), is the permutation
that sends a to b, b to a, and any other c to itself. In other words, (a b) swaps a and b
and does nothing else.

The following results illuminate the role of transpositions in the structure of S,,.

PROPOSITION 3.3. Every permutation in S, is the product of transpositions.

Proof. The proof will go by induction on n. For n = 1, there is only one permuta-
tion, the identity, which is the empty product of transpositions. Suppose that the claim
holds for some n —1 > 1. If ¢ € S, fixes 1, then it admits a restriction ¢|, 1 € S, _1,
which is the product of transpositions, hence ¢ is the product of the same transposi-
tions in S,. Alternatively, if o(n) # n, then (c(n) n)o(n) = n, and the same argument
shows (o (n) n)o is the product of transpositions; composing on the left by the involu-
tion (o (n) n) yields an expression of ¢ as a product of transpositions. O

PROPOSITION 3.4.If 714, .. ., mp and T4, . .., Ty are transpositions in S, with
P q
[Tm=11%
k=1 k=1

then p = g (mod 2).
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Proof. Consider the polynomial

flt,otn)= J] (ti—t) €Clty,..., t).

1<i<j<n

For any o € Sy, define of(t1,...,tn) = f(ts1),-- -, to(n))- For each factor (t; —t;) of f,

(to(i) — to(j)) is a scalar multiple of another factor. Therefore, 0f = af for some a € C.
For any transposition (i j), we have (i j) f = —f, so
p q
[[m) f=DPf =D = (1] ) f
k=1 k=1
The result follows from the equality (—1)? = (—1)7. O

DEFINITION 3.5. The sign of a permutation ¢ € S, is the unique scalar sgn(o)
satisfying

U'H(ti — t]) = sgn(cf) H(ti — t])
i<j i<j
The previous two results show that the sgn(c) = 1. The sign of a permutation is
positive if and only if it can be written as the product of an even number of transposi-
tions.
The symmetric group S;; acts on multilinear maps in a natural way: if w : V" = W
is m-linear, define cw : V" — W by

cw(x1, .-, Xm) = W(Xg1), - s Xo(m))-

Brief reflection shows cw is m-linear.

An m-linear map w : V" — W is symmetric if cw = w for all ¢ € S;;,. These
are the m-linear maps that ignore orientation. For a more interesting example, w is
skew-symmetric if cw = sgn(o)w for all ¢ € S, or, equivalently, (i j)lw = —w for
all transpositions (i j). Skew-symmetric maps treat orientation in a geometrically-
meaningful way: reversing the orientation of their arguments reverses their output.

§3.2. TENSOR PRODUCTS

Multilinear maps are, in general, difficult to work with. Linear transformations, on the
other hand, are rather easy. This suggests a strategy for studying multilinear maps:
turn them into linear ones. This can be done by factoring through a vector space, just
as we factored non-invertible transformations through quotients to obtain invertible
ones. We start in the bilinear case.

Let U and V be vector spaces over K. We want a vector space T(U, V), together
with a bilinear map t : U x V — T(U, V) such that, for any bilinearmap w : U x V —
W, there is a unique linear map w : T(U, V) — W that makes the following diagram
commute:
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T(U,V)

Y

UXVTW

This is called the universal property of tensor products and, like other universal prop-
erties, it characterizes T(U, V) up to isomorphism. While we provide a construction
below, the reader is encouraged to think of tensor products primarily in terms of their
universal property.

Consider a vector space F = F(U x V) that has U x V as a basis. This is the free
vector space over U x V; the construction is uninspiring, hence omitted. Let M be the
subspace spanned by all vectors in F of the form

(wuq + Bug,v1) — a(uq,v1) — P(uz,v1),
(u1, @01 + Poa) — a(ug,v1) — B(u, v2).

DEFINITION 3.6. The tensor product of U and V is the vector space U ® V = F/M.
The canonical map is the restriction ® = mp|yxy : U XV — U ® V of the canonical
projection.

Brief reflection shows that ® is bilinear. We write ®(x,y) = x ® y, and refer to
the elements of im(®) as elementary tensors. Since F is spanned by U x V and 7y is
surjective, U ® V is spanned by elementary tensors.

THEOREM 3.7 (Universal Property of Tensor Products). If w : U x V' — W is bilin-
ear, there is a unique linear transformation w : U ® V' — W such that w = w o ®.

Proof. Since U x V is a basis in F, w extends uniquely to a linear transformation
T, : F— W. Then

Tw
(auy + Bup, v1) — a(uq,v1) — Bup, v1) —> w(aug + Buy, v1) —aw(ug, v1) — Pw(up, v1) =0,

and similarly
Tew((u1, 001 + Bvp) — a(uy,v1) — B(ug,v2)) = 0.

Consequently, M C ker(T,,). Letw = T,,/M : U ®V — W. Then

wo® = (wormm)|luxv = Twluxv = w.

As for uniqueness, if we have a linear transformation A : U ® V — W such that
Ao® = w, then A and w agree on all elementary tensors x ® y. Since these span
U ® V,itfollows that A = . O

To generalize to the m-linear case, and to show the tensor product in action, we
prove the following;:

PROPOSITION 3.8. For any vector spaces X, Y,and Z, (X®Y)®Z=X® (Y® Z).
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Proof. Foreach x € X, letw, : Y X Z —» (X®Y)®Z,(y,z) = (x®y) ®z. Then
wy is bilinear, so it defines a unique linear transformation W, : Y ® Z - (X®Y) ® Z,
which satisfies Wx(y ®z) = (x®@y)®z. Let Q : X X (Y®RZ) - (X®Y)® Z be
defined by

Q) ye®z) =ox (Y ®@z) =) (X Q k) ® 2k

Then () is bilinear, so we have QO : X ® (Y® Z) = (X ®Y) ® Z sending x ® (y ® z) to
(r@y) @z

Performing a symmetric construction, we have a linear transformation T’ : (X ®
Y)®Z = X®(Y®Z)suchthat T((x ® y) ®z) = ¥ ® (y ® z). Note that, since each
element of Y ® Z can be written as a linear combination of elementary tensors y; ® z,
each element of X ® (Y ® Z) is a linear combination of vectors of the form

X (Zyk@)zk le (yx @ zg).

Thus X ® (Y ® Z) is spanned by vectors of the form x ® (y ® z). Similarly, (X®Y) ® Z
is spanned by those of the form (x ® y) ® z. By their definitions,

(x®y)®an>x®(y®z) 2 (x®y)®z
and
® (y®z) LR (x®y)®2nl>x®(y®z).

Therefore Q) = I' !, and we are done. O

Identifying (X ® Y) ® Z with X ® (Y ® Z), we may unambiguously refer to the
tensor product ®;" ; Vi of vector spaces Vi,..., V. We have the m-linear canonical
map ® : [T\ Vi = Q{1 Vi, for which we write ®(x1,...,%m) = X1 ® -+ @ X As
before, the elements of im(®) are called elementary tensors; the proof above shows that
they span.

The universal property generalizes as well: for each m-linear map w : [T{_; Vx —
W, there is a unique linear transformation w : ®;"' ; Vx — W such that w = @ o ®.

We conclude this section with an expression for the dimension of tensor products.

PROPOSITION 3.9.If {x1,...,x,} and {y1,...,ym} are bases for U and V respec-
tively, then {x; ® y; : i € [n],j € [m]} is abasis of U ® V. Consequently, dim(U ® V) =
dim(U) - dim(V).

Proof. Let W be an nm-dimensional vector space with basis {w;; : i € [n],j € [m]}.
Define T : U x V — W by

T (Z; a;iXi, Z; ﬁj]/j) =) ) wijwjj
i= j=

i=1j=1

so, in particular, T(x;, y]-) = wjj for all i, j. Brief reflection shows T is bilinear, so it lifts
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uniquely to a linear transformation T:U®V — W that sends x; ® y; to w;;. Since
{w;} is linearly independent, so is {x; ® y;}.

For any elementary tensor x ® y € U ® V, we can expand x and y as linear combi-
nations of {x;} and {y;}, yielding

n

XQXY = lei(xi@)y) = i i“iﬁj(xi@’]/j)'

i=1 i=1j=1

Thus, V = span(im(®)) C span({x; ® y;}) € V,so {x; ® y;} spans V. O

§3.3. THE TRACE

Let A : V — V be a rank 1 operator. Choosing any non-zero vector y = Ax € im(A),
we have im(A) = span(y). After extending {x} to a basis {x,xp,...,x,} of V, let
@4 € V' be the linear functional defined by ¢4(x) = 1 and ¢4 (x;) = 0 for all xy.
Then, forall ax + Y}, axx, € V,

A <zxx +) zxkxk> = xAx = ¢y (txx +) zxkxk> y,

s0 A= @a(-)y = (x — @a(x)y). We can feed A to itself, so to speak, by evaluating
¢a(y). As we will show in this section, the scalar ¢4 (y) is independent of our choice
of y, ie. A = (-)z implies ¢(z) = @a(y). Furthermore, we can extend the map
A — @a(y) to all linear operators, and this extension is similarity-invariant.

To begin, we need to better understand the decomposition A = ¢(-)y. The key
observation is that the map (¢, x) — ¢@(-)x is bilinear. From here, the essential result
follows readily.

THEOREM 3.10. The linear transformation T : V' @ W — £(V,W) defined by
T(¢ ® w) = ¢(-)w is an isomorphism.

Proof. To show that T is well-defined, note that the map (¢, x) — ¢(-)x is bilinear;
factoring it through V' @ W yields T. If {xy,...,x,} and {y1,...,ym} are bases of V
and W, and if {x!,...,x"} is the dual basis in V/, then {x' @ y; : i € [n],j € [m]} is a
basis of V' ® W. For all i, j and each xj,

T(x' ®y;)(xx) = ' (x)yj = Suy-

Thatis T(x' ® y;j) is just the transformation B;j from the proof of Corollary 2.3.. In that

proof, we showed that {B;;j} = T({x' ® y;}) is a basis of £(V, W). It follows that T is
an isomorphism. O

The discussion at the beginning of this section shows that elementary tensors in
V! @ W correspond precisely to rank 1 transformations V. — W.

In the case V = W, we have the bilinear evaluation map VIxV = K (¢,x) —
¢(x). Lifting this to V' ® V yields a unique linear transformatione : V' ® V. — K
satisfying e(¢p @ x) = @(x). If p(-)y = A = ¢(-)z, then p @y = T"}(A) = p ® z, and
we have
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py) =elp@y) =e(p®@2z) = P(2).

This completes the proof of our first claim.

For the second, note that ¢ is defined on all of V' ® V = £ (V). For any linear
operator A € .Z(V), the trace of A is the scalar tr(A) = (¢o0 T~!)(A). In general, the
trace is a linear functional tr : . (V) — K. Since the trace is the canonical extension of
the rank 1 “self-evaluation” map, we can think of tr(A) as the evaluation of A at itself.

We conclude by showing that the trace is a similarity invariant.

PROPOSITION 3.11.If A: V — W and B : W — V are linear transformations, then
tr(AB) = tr(BA).

Proof. f T~ 1(A) = L ax (¢ ® x), then A = Y- a; @i (+)x;. Composing on either side
by B, we obtain the identities

AB =Y ar(¢xB)()xx,
BA =Y aepy(-)Bxy.

Then

AB S Y (@B ® x) — Y apgi(Bxy) = tr(BA)
U
THEOREM 3.12.If A € Z(V),and if Q : V — W isanisomorphism, then tr(QAQ~!) =
tr(A).
Proof. By the associativity of composition,

r(QAQ ") = r((QA)Q™") = tr(Q 1(QA)) = tr(A).

§3.4. EXTERIOR POWERS

Recall that a linear operator is invertible if and only if it preserves bases, if and only if it
preserves linear independence. Consideration of multilinear maps and, in particular,
bilinear maps led us to the trace. We now consider multilinear maps that depend
on the linear independence of their arguments, in hope of finding an invariant that
encodes the invertibility of an operator.

DEFINITION 3.13. An m-linear map w : V" — W is alternating if w(xq,...,xm) =0
whenever x; = x; for some i # j.

Thatis, w is alternating if it vanishes whenever its arguments are obviously linearly
dependent. As it turns out, obvious is sufficient:

PROPOSITION 3.14. Let w : V" — W be an alternating m-linear map. If we have
linearly dependent vectors x1,...,x, € V, then w(xy,...,x,) = 0.
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Proof. There is some k > 2 such that x; = Zf;ll a;x;. Then

k—1
W(X1, ey Xy e X)) = 2aiw(xl,...,xi,...,xi,...,xm) = 0.
i=1

Alternating maps also encode information about orientation:
PROPOSITION 3.15. If w : V" — W is alternating, then it is skew-symmetric.

Proof. 1t is sufficient to show that Tw = —w for all transpositions 7. Let (i j) € Sy
be arbitrary. For any xq,...,x, € V,

0=w(xy,...,Xi_1,X% + X, Xig 1, Xjo1, X —l-x]-,x]-H,...,xm)
:w(xl,...,x,-,...,xj,...,xm)—|—w(x1,...,xj,...,xi,...,xm)

=w(x1,...,xm) + ({ w(xy, ..., xm),

hence (i j)w(x1, ..., Xm) = —w (X1, ..., Xm). O

At this point, it’s natural to pass to the tensor product. Denote the m-fold tensor
product of V with itself with the symbol V& = @I, V. For each linear transforma-
tion @ : V®¥™ — W corresponding to an alternating m-linear map w : V" — W, we
have

W ® - Qxy) =w(xy,...,xu) =0

whenever x; = x; for some i # j. Therefore, E C ker(w), where E is the subspace
generated by all elementary tensors x; ® - - - ® x, with x; = x; for some i # j. In fact,
w is alternating if and only if the kernel of w contains E. To bring alternating maps
into focus, we quotient by E.

DEFINITION 3.16. The mth exterior power of V is the vector space A\ V = V&" /E.
The canonical map is the composition A = mpo® : V" — A" V. By convention, we
write AV = V.

The reader will verify that A is alternating. As with the tensor product, we write
A(X1,...,Xm) = X1 A+ -+ A Xp. The elements of im(A) are called m-blades. Since im(®)
spans V™ and since 7 is surjective, A" V is spanned by m-blades.

Exterior powers specialize the universal property of tensor products.

THEOREM 3.17 (Universal Property of Exterior Products). If w : V" — W is an
alternating m-linear map, then there is a unique linear transformation @ : A" V. — W
such that w = W o A.

Proof. We know that w defines a linear transformation @ : V®™" — W with kernel
containing E. Let @ = w/E: \"V — W. ThenWoA = (Womg)o®@ =wo® = w. If
we have another linear transformation A : A"V — Wsuchthat Ao A = w = @Wo A,
then A and @ agree on all m-blades, which span A" V, hence A = &. O

PROPOSITION 3.18. For xy,...,x, € V, x;y A --- Ax, = 0if and only if the x;’s are
linearly dependent.
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Proof. The backwards implication follows immediately from Proposition 3.14..
Suppose x1 A - Ax, #0and ) ) apxy = 0. Foreach 1 <i < n, let

Xi =X A\ AXig AXipr Ao A X
Then

n n n
0=1x; A (Z oakxk> =Y X Axe =) aperdp(x1 A Axy) = aei(xp A Axy)
k=1 k=1 k=1
where ¢ is the sign of the permutation rearranging X; A xy to be in the proper order.
Then the penultimate equality follows from skew-symmetry. Since ¢; = +1 and given
n-blade is non-zero, this yields a; = 0, so the x;’s are linearly independent. O

It's reasonable to ask what A" V looks like. Let V be a 3-dimensional real vector
space, and let m = 2. We know x A y = 0 if and only if x and y are linearly dependent.
Therefore, the non-zero 2-blades roughly correspond to 2-dimensional subspaces of V.
More precisely, note that

(x+ay) N\y=xAy+ayAy) =xAy,

so shearing x along y leaves x A y invariant. If we think of the parallelogram with
adjacent sides x and y, we see that x Ay = z A w whenever the parallelogram with
sides z and w is coplanar with that of x and y and has the same (signed) area. With
this in mind, we may interpret x A y as the plane spanned by x and vy, tagged by the
signed area of their corresponding parallelogram. Under this interpretation, the 2-
blades in A% V are the weighted 2-dimensional subspaces of V, together with a single
point corresponding to 0. Morally speaking, A" V is the space of linear combinations
of weighted m-dimensional subspaces of V.

We conclude this section with the dimension of A" V. Being a quotient of a finite-
dimensional vector space, it must be finite-dimensional itself. Ideally, we would be
able to construct a basis of A™ V from a basis of V. What would this basis look like?
Well, it should look like all of the (suitably weighted) m-dimensional subspaces that
can be built from that basis, which correspond to all of the subsets of size m. Therefore,
if V is n-dimensional, then A" V should be () )-dimensional. This turns out to be true,
though the proof is somewhat more technical.

THEOREM 3.19.If {x1,...,x,} is a basis of V, then the set of all x;, A -- - x; , where
i1 <+ < ip,is abasis of A" V. Consequently, dim A" V = ().

m
Before presenting the proof, we introduce some handy notation: given a tuple I =
(ll, . e ,lm) E [ﬂ]m, let

X1 = (xilz---/xim);
Xol = Xi; & -+ - Q x4,
XAL = Xip N AN X,

We say that [ is increasing if iy < - -+ < iy.
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Proof. We want to show that {x,; : I € [n|™ is increasing} is a basis of A" V. Prov-
ing that it spans V is straightfoward: it is sufficient to show that it spans all m-blades.
If yy A--- Ayy is any m-blade, then we can write each y; as a linear combination of
{x1,...,xm}. Expanding by multilinearity, we get a sum of the form

YIA Ay =Y agxng,

where ] ranges over [n]™. All summands corresponding to tuples ] for which j, = jj
for some p # g vanish. For each of the remaining terms ajx,;, there is a unique per-
mutation ¢ € Sy, such that 0] = (jy, (1), - -/ o, (m)) is increasing. By skew-symmetry,

Xpop) = OyXa) = sgn(0y) XA,
80 X5] = sgn(07)xpg;y- Then
YIA- AYm =Y aysgn(07)Xpe;s

is a linear combination of {x,;}, hence {x,;} spans A" V.

Let W be a vector space containing {I : I € [n]™ isincreasing} as a basis (e.g.,
the space of linear combinations of this set). Let x : [n]" — {0,1} be defined by
k(j1,...,jm) = 0if and only if j, = j; for some p # q. By Proposition 3.9., the
set {xg; : | € [n]™} is a basis of V®", so we may define a linear transformation
@ : VoM — W by

@ (xpy) = x(])sgn(c)e],
where ¢ € S, is the unique permutation such that o] is increasing. Composing on the
right by ® yields an m-linear map w = wo ® : V" — W. Brief reflection shows w is

alternating, so there is a linear transformation @ : A™ V — W with @ o A = w. For
each x,j,

(,/(\J(X/\[) = (TJ(X@I) =TI
Therefore, if }_ajx 7 = 0, then

0= &VJZIXIX/\] = ZDC[I,

so each a; = 0 by the linear independence of {I} in W. It follows that {x,;} is linearly
independent, hence a basis.

Each increasing tuple I € [n]™ corresponds to a subset of [n] of size m, and vice
versa. It follows that dim A" V = [{xr1}| = (). O

§3.5. THE DETERMINANT

Let A : V — W be a linear transformation. The map
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m
V" AW, (x1,...,%m) — Axp A= A Axy

is m-linear and alternating. Applying the universal property of exterior powers, we
obtain a linear transformation A" : A" V' — A" W, the mth exterior power of A, which
uniquely satisfies

ANy A A xy) = Axp Ao N Axy.

Clearly, 13" = 1 my. For any transformations A: V — Wand B: U — V,
(AB)\™(xy A -+ AXp) = ABxy A -+~ NABxy = ANBN (xy A+ A x),

so (AB)N" = ANMB/™M_ By the previous two lines, if A is invertible, then so is A"\,
and (AAm)fl — (Afl)/\m.

By Theorem 3.17., if V is n-dimensional, then A" V is 1-dimensional. This is ge-
ometrically obvious: since there is only one n-dimensional subspace of V, any two
n-blades differ only in weight, i.e. by a scalar. As such, each operator B € .Z(A\" V)
acts by scaling. In particular, for each A € Z(V), there is a unique scalar ¢ such that

AN (xp N ANxp) = Axp Ao NAxy = 6(x1 A A xy)

forall x; A--- Ax, € A" V. This scalar is the determinant of A, typically denoted by
det(A) = 6.

Each xq A - -+ A x;, corresponds to the volume of the parallelotope with adjacent
sides x1,...,x,. The action of A on V sends this parallelotope to another with sides
Axyq, ..., Ax, and volume corresponding to

Axy N NAxy, = det(A)(xg A A xy).

Therefore, the determinant of A is the factor by which A scales signed volume in V.
For example, operators with determinant 1 preserve volume and orientation, whereas
those with determinant —1 preserve volume and reverse orientation.

Consider a linear operator A € £ (V) with det(A) = 0. We know that y; A --- A
yn» = 0if and only if the vectors vy, ...,y are linearly dependent, if and only if they
do not form a basis of V. Thus, each non-zero x; A --- A x,, corresponds to a basis
{x1,...,x,} of V and vice versa, so

Axy A NAx, =0(xp Ao~ Axy) =0

implies {Axy, ..., Ax,} is not a basis of V, and A does not send bases to bases. There-
fore, A is not invertible. Conversely, if A is not invertible, then

Axi AN NAX, =0=0(xg A--- Axy)
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for some non-zero n-blade x1 A - - - A x,,, hence det(A) = 0. We have shown
THEOREM 3.20. A linear operator A € £ (V) is invertible if and only if det(A) # 0.

Unlike the trace, the determinant is not linear: det(A + B) # det(A) + det(B).
However, it is multiplicative:

PROPOSITION 3.21.If A, B € Z(V), then det(AB) = det(A) - det(B).
Proof. The proof is a straightfoward computation:

ABxy A --- N ABx, = det(A)(Bxy A--- A Bx,) = det(A)det(B)(x1 A--- Axp)

[
COROLLARY 3.22. If A € Z(V) is invertible, then det(A~!) = det(A) 1.
Proof. This follows immediately from det(AA~!) = det(1) = 1. O

Recall that for linear operators A : X — X and B : Y — Y, we write A @ B for the
linear operator (ix 0 A) @ (tyoB) : X®Y - X B Y.

PROPOSITION 3.23.If A € Z(X)and B € Z(Y), thendet(A & B) = det(A) det(B).

Proof. Choose bases {x1, ..., %y} and {y1,...,yn} of X and Y respectively. Then the
union {xq,...,Xm,Y1,...,Yn} is a basis of X @ Y, hence

XPNA - AXy Ayr A Ay # 0.

Then

det(A®B)(x1 A+ - AX AYy1 A=~ Ayy) = Axy A -+~ ANAxyuy AByp A -+ A Byy

=det(A)(x1 A+ Axpy) Adet(B)(y1 A Ayn)
=det(A)det(B)(x1 A= - Axm AYy1 A+ Ayp),

and the result follows. O

The reader is doubtless unsurprised to learn that the determinant is a similarity
invariant.

THEOREM 3.24.If A € Z(V)and T : V — W is anisomorphism, then det(TAT 1) =
det(A).
Proof. For any n-blade x; A --- Ax, € A"V,

(TAT DM (2 A+ Axy) = TMAN (TN (0 A Axy) = det(A)(x1 A~ A xp).

]

Given a scalar J, the operator /1 scales its underlying space by J, and an operator A
with det A = ¢ scales volume by J. The raises the question: is there a relationship be-
tween the transformations A and det(A)1? In particular, is there a way to decompose
det(A)1 into a product of A with another operator?

For each x € V, the map

CHAPTER 3. INVARIANTS OF OPERATORS 42



3.6. EIGENVALUES

yr-1 _>/\”V, (x2,...,X0) = XAX2 A A Xy

is (1 — 1)-linear and alternating, hence defines a unique linear map ¢, : A" 'V —
A"V by the universal property of exterior powers. A quick computation shows the
assignment ¢ : V — Z(A"" 1V, \"V), x = ¢y is linear. Suppose ¢, = 0 for some
x # 0. Since x is non-zero, we can extend it to a basis {x, xp,...,x,} of V. Then

Px(X2 A Axp) =xXAX2 AN~ Axp #0,

a contradiction. Thus the kernel of ¢ is trivial, and ¢ is injective. By rank-nullity, it is
also surjective, hence an isomorphism.

Since A"V is 1-dimensional, Z(A""' V, A" V) is isomorphic to (A"~ V)/, so we
may view each ¢y as a linear functional. Continuing with this analogy, each operator
B € Z(N\""! V) defines an adjoint operator B on Z(A" "1V, \" V) by B'¢px = ¢.B.

The adjugate of A € (V) is the linear operator adj(A) = ¢~ 1(A""~1)¢. In other
words, adj(A) is defined by

(adj(A)x) Axa A+ ANxyp =xNAxg A\ -+ N Axy.

Note that adj(A) is similar to (A”"~1)’. Returning to the determinant, we have
(adj(A)Ax1 ) Axg A== Axyp=Axy A--- NAxy, = det(A)xg A A xy.

Then @agj(4)Ax = Pdet(A)x 50 adj(A) Ax = det(A)x for all x € V. We have shown
THEOREM 3.25. For any linear operator A, adj(A)A = det(A)1.
This yields the following identity for the inverse.
COROLLARY 3.26. If A € Z(V) is invertible, then A~! = det(A)'adj(A).

§3.6. EIGENVALUES

In this section, we study the behavior of an operator on those vectors that it treats es-
pecially simply. The reader may reasonably ask why we didn’t introduce the resulting
invariant earlier. While we very well could have, the theory is greatly enhanced by the
use of the determinant.

DEFINITION 3.27. Let A : V — V be a linear operator. A scalar A is a eigenvalue of
A if there is a non-zero vector x, called a A-eigenvector, such that Ax = Ax. The set of
all eigenvalues of A is called the spectrum of A.

The requirement that eigenvectors be non-zero ensures the following equivalence:
A is not invertible if and only if 0 is an eigenvalue of A.

Clearly, x # 0 is a A-eigenvector of A if and only if (A1 — A)x = 0. Consequently,
the subspace E, = ker(A1 — A), the A-eigenspace, is the set of all A-eigenvectors of A
together with 0. The geometric multiplicity of A, denoted g, is the dimension of E,.
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We know that A is an eigenvalue of A if and only if A1 — A has non-trivial kernel,
if and only if A1 — A is not invertible. Therefore, the eigenvalues of A are precisely
the scalars f satisfying det(t1 — A) = 0. Let n = dimV, and let x; A - - - A x,, be any
non-zero n-blade. By definition, we have

det(f1 — A)(x1 A -~ Axp) = (txg — Axp) A=+ - A (Exy — Axp).

Expanding the right-hand side, we obtain a sum of n-blades of the form
(=D)" 5y A Ayn),

where each y; = x; or Ax; for some j. Since A" V is 1-dimensional, each y; A - - - Ay, =
ap(x1 A+ A xy,) for some ay. Then

det(tl — A)(x1 A--- Axy) = <i(—1)"‘kocktk> (X1 A= Axy),
k=0

so det(tl — A) is a polynomial, called the characteristic polynomial of A and denoted
XA (f). Brief reflection shows x 4 has leading term ", so it is degree n and monic, and
has constant term (—1)" det(A).

By definition, A is an eigenvalue of A if and only if x 4(A) = 0, in which case (f — A)
divides x 4. The algebraic multiplicity of A, denoted m,, is the multiplicity of A as a root
of x4, i.e. the largest integer such that (t — A)™* divides x 4.

We are now ready to show that the spectral theory of an operator constitutes a
similarity invariant.

THEOREM 3.28.If A € Z(V)and T : V — W is an isomorphism, then ;471 =
Xxa. Consequently, the eigenvalues of A agree with those of TAT !, as do the corre-
sponding algebraic and geometric multiplicities.

Proof. For our first claim, we have
Xrar—1(t) = det(tl — TAT ') = det(T(t1 — A)T ') = det(t1 — A) = xa(t).

It follows immediately that the eigenvalues and corresponding algebraic multiplicities
of A and TAT ! agree. As for the geometric multiplicities, for each eigenvalue A of A,

M —TAT ' = T(A1 - AT,
so A1 — TAT ! and A1 — A are similar; it follows that
nullity (AT — TAT™!) = nullity(A1 — A),

and we are done. 0

The following gives us a geometric tool for working with the characteristic poly-
nomial:
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PROPOSITION 3.29.If V = V] & V), then for any A € £(V;) and B € Z(V,),
XAoB = XA " XB-
Proof. For any v; + v, € V,

(tly =A@ B)(v1+1vp) = (t1 — A)vy + (t1 — B)vy = ((t1y, — A) @ (t1y, — B)) (v1 +v2),
sotly — A® B = (tly, — A) @ (t1y, — B). By Proposition 3.22.,

Xaep(t) = det(tly — A® B) = det(tly, — A)det(tly, — B) = xa(t)xs(t).

]

In particularly nice cases, operators admit bases of eigenvectors. Such operators
are called diagonalizable; the name comes from Chapter 5. Note that eigenspaces cor-
responding to distinct eigenvalues are disjoint. Indeed, if A;x = Ax = Ax, then
(A1 — A2)x = 0, so either Ay = Ay or x = 0. Therefore, A : V — V is diagonalizable if
andonly if V = @, E,,ifand only if }_, g = dim V.

Suppose A € £ (V) is diagonalizable. Clearly, A(E,) C E,, so A admits a restric-
tion Ay = Alg, € Z(E,) for each eigenvalue A. Since A is diagonalizable, V = @, E,,
so A =@, A,. Itfollows that x4 = []) xa,, where A ranges over the distinct eigenval-
ues of A. Each A, has only one eigenvalue, A, so x4, (t) = 0if and only if t = A. Since
the degree of x4, matches the dimension of the space A, acts on, x 4, (t) = (t — A)32.
It follows that

xa(t) =TT—2)8n

A

That is, when A is diagonalizable, x 4 factors completely and algebraic and geometric
multiplicity agree. The proof of the converse is obvious.

§3.7. THE JORDAN DECOMPOSITION

Understanding the spectral theory of an operator amounts to understanding its char-
acteristic polynomial. This is easiest to do when it factors into linear terms. A field K
is algebraically closed if every non-constant polynomial p € K[t] is the product of linear
terms. Equivalently, K is algebraically closed if every non-constant polynomial with
coefficients in K has a root in K. For example, C is algebraically closed. Throughout
this section, we assume our vector spaces are over algebraically closed fields.

Note: Under this assumption, every linear operator (on a space of dimension > 1)
has an eigenvalue.

When A : V — V is diagonalizable, we have the decomposition V = @, E, and
the corresponding identity A = @, A|g,. We seek to generalize this decomposition to
all operators. The key insight is that (A1 — A|g,) = 0 for each eigenvalue A, and that
this property completely characterizes the decomposition. This suggests the following
strategy: decompose A into a direct sum of operators A, such that each (A1 — A)) is
almost zero, by which we mean:

CHAPTER 3. INVARIANTS OF OPERATORS 45



3.7. THE JORDAN DECOMPOSITION

DEFINITION 3.30. A linear operator B : V. — V is nilpotent if B = 0 for some
m = 0. The degree of B is the least integer g such that B7 = 0.

PROPOSITION 3.31. The degree of a nilpotent operator on a vector space V is at
most dim V.

Proof. Let B € .#(V) be nilpotent of degree g. For each k > 0, let Z; = ker(B¥), and
consider the chain

20 CZ1CZp C---.

Clearly, Z; = V. If Z; = Zj4, then, for all x € Z;,,

Bk+2x _ Bk+1Bx =0,

so Bx € Zy,1 = Zi, hence BEBx = Blx = 0, and Z; 1 = Zj.». Consequently, if
Zy = Zyy1 for some k < g, then Z; = Zip(g-k) =Zqg=V. It follows that BX = 0, so,
by the minimality of q, k = g is minimal such that Z; = Z;,,. Thus, the inclusions
Zx_1 C Zy are proper for all k < g. For each 1 < k < g, choose x; € Z; \ Zy_1. Then
{x1,..., x4} is linearly independent, so g < dim V. O

Let A : V — V be a linear operator. For each eigenvalue A of A, the generalized
A-eigenspace is the subspace G, = ker(A1 — A)" of V, where n = dim V. Clearly,
E), C G,. Note that A commutes with (Al — A) and, by extension, (A1 — A)" as well.
It follows that A(G)) C G,, so A admits a restriction A|g, € .Z(G,). By the definition
of Gy, (A1 — Alg,)" = 0,50 (AL — A|g,) is nilpotent. Therefore, we need only show

V= @)\ G/\.
LEMMA 3.32. If A is an eigenvalue of a linear operator A : V — V, then
Gy = {x € V: (A1 — V)*x = 0 for some k > 0}.

Proof. The inclusion G, C {x € V : (Al — V)*x = 0forsome k > 0} is trivial.
Suppose (A1l — V)kx = 0 for some k > 0. Consider the subspace

S = span(x, (A1 — A)x, (AT — A)%x,...).

Clearly (A1 — A)(S) C S, so we have the restriction B = (A1 — A)|s € Z(S). Since
Bfx = (A1 — A)kx = 0, B is nilpotent. By Proposition 3.30., it has degree g < 1, where
n = dim V. Therefore,

(AL — A)"x = (AL — A)"T(AL — A)x = (AL — A)"~1B7x = 0,

sox € Gy. O

LEMMA 3.33. If A; and A; are distinct eigenvalues of a linear operator A : V. — V,
then

1. G), and G,, are disjoint,

2. (M1 —A)(Gy,) = Gy,
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Proof. First of all, (A1 — A)(Gy,) € G,,. Indeed, for each y € G,,, we have
My, Ay € Gy,, 80 Ay — Ay € G,,.

Assume, for the sake of contradiction, that there is a non-zero vector x € G, N G,,.
Let p > 1 be the least integer satisfying (A11 — A)Px = 0. Theny = (A; — A)P"lxisa
A1-eigenvector. Since y € G,,, there is a least integer q > 1 such that (A1 — A)7y =0,
so (Ax1 — A)1~ 1y is a Ay-eigenvector. However,

AMT — ATy = (A1 — A)T 1Ay = Ay (Al — A)T 1y,

so it is also a Aq-eigenvector, and we thereby obtain a contradiction. This completes
the proof of 1..
As for 2., consider the restriction C = (A1 — A)g, € Z(G),). By 1, G, contains

no Aj-eigenvectors, so the kernel of C is trivial. Since C is a linear operator, it follows
from rank-nullity that is is surjective, and we are done. O

THEOREM 3.34. Let A be a linear operator on an n-dimensional vector space V. If
A1, ..., A4 are the distinct eigenvalues of A, then V = @izl Gy, -

Proof. The proof will go by induction on d. If d = 0, then A has no eigenvalues, so
V is 0-dimensional, and we are done. Suppose the claim holds for some d —1 > 0, and
suppose A € Z(V) has d distinct eigenvalues Ay, ..., A;. Let I = im(A;1 — A)". We
first show that V = G,, @ I. Suppose y € Gy, N I. Theny = (A41 — A)"x for some
xeV,so

(Agl — A)?"'x = (Ay1 — A)"y = 0.

By Lemma 3.31., x € G, hence

y = (/\d]l - A)”x =0,

and G,, NI = {0}. By rank-nullity,
dim(Gy, @ I) = dim G, + dim I = nullity(A41 — A)" +rank(A41 — A)" = n,

hence G, &1 =V.
For each (A\yj1 — A)"x €1,

AN — A)'x = (Agl — A)"Ax €1,

hence A(I) C I. Consider the restrictions A‘G/\d € Z(Gy,) and A|; € Z(I), which

satisfy A|GAd ® A|r = A. By Proposition 3.28., xa(t) = xc(t)xi(t), where xg =

Xalg, and x; = x A+ Since Ey; € Gy, I contains no Ag4-eigenvectors, hence A, is not
d

an eigenvalue of A|;. Furthermore, since G,, is disjoint from the other generalized
eigenspaces, xg(t) vanishes if and only if + = A;. Therefore, A|; has eigenvalues
M,...,Ag_1. By Lemma 3.32., G, = (A41 — A)"(G,,) € Ifor1 <k <d— 1. In other
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words, the generalized eigenspaces of A|; agree with those of A apart from G,,. By
the inductive hypothesis, I = @]‘(l;% Gy, and the result follows. O

We can write each A € .Z (V) as the direct sum A = @, A|g,, where A ranges over
the distinct eigenvalues of A. This is the Jordan decomposition of A.

COROLLARY 3.35. The dimension of G, is the algebraic multiplicity of A.
Proof. Letting m) denote the algebraic multiplicity of A, we have

T —A™ = xa(®) = TTxae, (®
A A

Since each restriction A|g, has only one eigenvalue, A, we have x Al, () = (t—A)™.
The degree of x 4| ¢ is the dimension of G,, and the result follows. O

COROLLARY 3.36. If A is an eigenvalue of A, then g) < m,.
Proof. This follows immediately from the inclusion E, C G,. H
We conclude with a powerful application of the Jordan decomposition.

THEOREM 3.37 (Cayley-Hamilton). Every linear operator is annihilated by its char-
acteristic polynomial.

Proof. A brief computation shows forany A € Z(X), B € Z(Y), and p(t) € K]t],
we have the identity p(A @ B) = p(A) @ p(B).

Let A : V — V be a linear operator. For each eigenvalue A, we know that the
restriction (A1 — Alg,) € Z(G,) is nilpotent. Since dim G, = m,, Proposition 3.30.
implies (A1 — A|g,)™* = 0. Using the Jordan decomposition of A, we have

=P xa(Alg,) =PBJ[(Alg, —AL)"™ =BT [(-1)"¥ (A1 — Alg,)"™ =0.
Y

AN AN

O

§3.8. EXTENSION OF SCALARS

Now, algebraic closure is an awfully strong thing to assume. Granted, the results of
the previous section hold under the somewhat weaker assumption that x4 factors
completely or, equivalently, } , m, = dimV. However, this is still a fairly strong
condition, and it is worth exploring ways to extend the results of the previous section
to spaces over arbitrary fields.

Given a field E, a subset K C E is a subfield if

1. 0,1 €K,
2. a+b,abe Kforalla,b € K,
3. —a € Kforeacha € K
4. b~! € K for each non-zero b € K.
A field extension of K is a field E containing K as a subfield. For example, C is an

extension of R, which is, in turn, an extension of Q.
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Note that an extension E of K is naturally a vector space over K. Therefore, given
a vector space V over K, we can form the tensor product E @k V. For each « € E, the
map (B, x) — (aB) ® x is bilinear, and there is a unique linear map sending f ® x to
(aB) ® x. As such, we can turn E ® V to a vector space over E by defining a(f ® x) =
(aB) @ x for all & € E. This new vector space is called the extension of scalars of V to E
and denoted by Vg. It comes with a canonical inclusion 1y : V — Vg, x — 1 ® x, which
is clearly injective, and a universal property.

As a brief bit of terminology, we say that a linear transformation between vector
spaces over K is K-linear.

THEOREM 3.38 (Universal Property of Extension of Scalars). Let K be a field, and
let E be an extension of K. If T : V. — W is K-linear, then there is a unique E-linear
map T : Vg — Wg such that 1y o T = Tg o 1y, i.e. the following diagram commutes:

v — L . w

w | [ow-

VELWE

Proof. Themap Ex V — E® W, (a, x) — a ® Tx is bilinear, so we have a K-linear
transformation Tr = T: EQV — E® Wby Te(a ® x) = a ® Tx. Viewing it as a map
VE — WE, we see

Te(a®x) =a@Tx=a(1®Tx) =aTe(1® x),

so T is, in fact, E-linear. By its definition,

(Teowy)(x) =TeE(1®x) =1® Tx = (two T)(x)

for all x € V. This completes the proof of existence. Uniqueness follows from the fact
that im(ty) spans VE. O

The space VE is a good analog to V in the following sense:

PROPOSITION 3.39. If {x1,...,x, }isabasisof V, then {1® x1,...,1® x, } is a basis
of Vg. Consequently, dimg V = dimpg VE.

Proof. Forany a ® x € Vg, x = Y1 BxXk, SO

n

aRx = Z aBr(1® xy),
k=1

and {1 ® x;} spans elementary tensors, hence it spans V¢ as well. Let W be a vector
space over E with basis {w,...,w,}. Themap T : E x V. — W defined by

T (tx, i 5kxk) = i o Brwy
=1

k=1

is bilinear, so we have a K-linear map T : E® V — W satisfying T(1 ® x;) = wy for
each wy. Foreachw € Eand x =Y} Byxx € V,
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n

n
T(a®x) = Z afrwg =« 2 1-Brwxy =aT(1®x),
k=1 k=1

and T is E-linear. Since T sends {1 ® x;} to the linearly independent set {w;}, {1® x;}
is itself linearly independent. O

To generalize the results of the previous section, we need to understand the rela-
tionship between the determinant and extension of scalars.

PROPOSITION 3.40. If V is an n-dimensional vector space over K, if E is an exten-
sion of K, and if A : V. — V is a K-linear operator, then det A = det A.

Proof. Consider the map ¢ : (VE)™ — (A" V) defined on elementary tensors by

m
(P(‘X1®xl/"' /an®xm) — <H0€k> ®(x1/\---/\xm)
k=1

and extended to Vg by demanding multilinearity. Clearly, ¢ is alternating, so there is
a unique E-linear transformation ¢ : A" (Vg) — (A" V) satisfying

9/5((061(}2))61) ARERNA (“m®xm)) = (Im—[lxk> ® (X1 /\---/\xm).
k=1

We know that {(1 ® x); : I € [n]™is increasing} is a basis of A" (Vg) and, similarly,
{1® (xa1) : I € [n]™ is increasing} is a basis of (A" V). A quick computation shows
¢ sends the former to the latter, and it is therefore an isomorphism.

A brief reflection shows (Ag)"\" = ¢~ 1(A"")g@. Scaling appropriately, it is suffi-
cient to consider n-blades of the form 1@ x; A--- A1 ® x, € A" (VE). Then

(Ap)M(A1@x A A1@x) = § AP @31 A---A1@ xp)
= ¢_1(AA")E(1 ® (xl Ave /\xn))
= ¢ 1(1® (Ax  A--- A Axy))
=det(A)p (1@ (x1 A+ Axy))
— det(A)(1@m A ATE ),

and the result follows. O
COROLLARY 3.41.If A : V — V is a K-linear operator, E an extension of K, then
XA = XA-

Proof. Forall1 ® x € Vg,
(t1-A)(1l®x) =10 (tx —Ax) =t(1®x) —Ar(1®x) = (t1 — Ap)(1®x),
so (1 — A)g = (t1 — Ag). Therefore,

X, (1) = det(t1 — Ap) = det(tl — A) = x4(t).
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From here, it’s easy to extend the results of §1.7.. We borrow from algebra the fact
that every field K has an algebraically-closed extension. This extension is unique (up
to isomorphism); we refer to it as the algebraic closure of K, denoted K.

To begin, note that every eigenvalue of A is an eigenvalue of Ag. Indeed, if x is a
A-eigenvector of A, then Ap(1®x) =1® Ax = A(1®x), so 1 ® x is a A-eigenvector
of Ar. More generally, we see that (A1 — Ag) = (Al —A)p,anda®x € Vpisa
A-eigenvector of Afr if and only if x is a A-eigenvector of A. Consequently, the A-
eigenspace of Ar is (Ey)g, where Ey = ker(Al — A). By a similar argument, the
generalized A-eigenspace of Ar is precisely (G, )g. It follows that A and Ar have the
same algebraic and geometric multiplicities for A. In the case E = K, Corollary 3.35.
implies the former bounds the latter in all cases.

As for the Cayley-Hamilton theorem, a quick computation shows for any polyno-
mial p(t) with coefficients in K, p(Ag) = p(A)g. We know x4 = x 4x annihilates Ag.
Therefore,

Xa(Ag)(1®x) = xa(A)x(1®x) =1® xa(A)x =0

forallx € V,so xa(A) =0.
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4

SPACE & ANGLE

Our development so far has relied on the notion of position alone. In this chapter, we
introduce notions of length and angle, thereby obtaining essentially Euclidean spaces.
Throughout, we assume our vector spaces are real or complex.

§4.1. INNER PRODUCTS

We want to endow a vector space V with some algebraic gadget that gives it geometric
structure. Let’s begin by considering the case V = R2, which we know has natural
notions of distance and angle. The idea is to find a bilinear form (-,-) : R? x R? —
R that encodes angle in such a way that the map x — (x,x) encodes distance. To
preserve canonicity, we use unsigned angles, i.e. the angle between x and vy is equal to
the angle between y and x. From this, we see that (-, -) should be symmetric.

Denote by ||x|| the length of the vector x, or, equivalently, the distance between the
point x and 0. Suppose we have a symmetric bilinear form (-,-) : R? x R> — R such
that (x, x) = ||x||? for all x € R2. Then, for any vectors x and y, we have

lx = ylI? = [lx]* + IylI* — 2{x, ).

Notice that ||x — y|| is the distance between x and y, so we have the law of cosines

lx = ylI* = llxlI* + lylI* = 2l|x [l 1y [l cos b,

where 0, 4 is the angle between x and y. Therefore,

(0, y) = [lx[lly]l cos Oy (4.1)

As such, (-, -), should it exist, uniquely characterizes length and angle in R2.

On the matter of existence, we see that the map (x,y) — x1y1 + X2y is symmetric
and bilinear. Noting that the standard basis vectors e; and e, correspond to vectors on
perpendicular axes, we have the Pythagorean theorem:

Ix]1* = x5 + 3,
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so the proposed map is indeed the desired one.

From here, we want to describe the class of bilinear forms that encode (Euclidean)
geometric structure. Fix a real vector space V. A inner product on V is a symmetric
bilinear form (-,-) : V x V' — R such that the map x — (x, x) is positive-definite, i.e.
(x,x) > 0, with equality holding if and only if x = 0. Each inner product induces a
norm ||| : V — R defined by

] = 4/ (%)

As before, the distance between x and vy is given by ||x — y/||, and here we see that the
requirement of positive-definiteness is equivalent to the observation that x and y are
at distance 0 from each other if and only if x = y. Working by analogy to (4.1), we also
have a notion of angle given by

Oxy = cos ! A% y) € [0, ],

[yl

which is defined for all non-zero vectors x,y € V. From these definitions, the law of
cosines is trivially true:

lx = ylI? = Nl + IylI* = 242, y) = llxl|* + llylI* = 2[lx ]| [yll cos 6y,

so the geometry in V is essentially Euclidean.

As we saw in the previous chapter, complex spaces are especially nice to work in.
Unfortunately, real inner products do not immediately generalize to the complex case.
Indeed, if V is a complex vector space and (-,-) : V x V — C a symmetric bilinear
form, then

(ix,ix) = i(x,ix) = —(x, x),

so the map x — (x, x) is not positive-definite, except in the trivial case. Fortunately,
this can be easily remedied by weakening symmetry.

DEFINITION 4.1. Let V be a complex vector space. A inner product on V is a map
(-,-) : V. x V — C satisfying the following conditions:

1. For each y, the map x — (x,y) is linear, i.e. (-,-) is linear in its first component,

2. Forallx,y € V, (x,y) = (y,x),
3. The map x — (x, x) is positive-definite.

A vector space V together with an inner product (-, -) is called an inner product space.

Replacing € with R, the reader will see that this definition recovers the original
for real vector spaces. Maps satisfying conditions 1. and 2. are called Hermitian. The
reader will verify the identity

(x,ay + pz) = & (x,y) + B(x,2),
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which implies

(ix,ix) = |i|*(x, x) = (x, x).
As before, inner products induce a notion of length, given by the norm ||x| =

V(x, x).

EXAMPLE 19. The reader will verify that C" has an inner product given by

(x,y) = Y 4Tk
=1

This is the dot product on C"; we usually write x - y = (x,y). Similarly for R", we have

n
X-Yy= Z XkYk-
k=1

o

EXAMPLE 20. From algebra, we know that any non-constant polynomial of degree
n has at most n roots. Consequently, for any p € C,[t], p = 0 if and only if p(k) = 0
for all 0 < k < n. We may therefore define an inner product on C,|t] by

() = Y p(oa(E).
k=0

<

EXAMPLE 21. Consider the space C[0,1] of continuous functions [0,1] — R. We
have a symmetric bilinear form given by

(f.8) = [ Fx)(x

Forall f € C[0,1],

o) = [ v [ odx=o,

so (-,-) is positive. As for definiteness, if f(p) # 0 for some p € [0,1], then f(p) # 0
for some p € (0,1), and there is ¢ > 0 such that f(x) # Oforallx € [p —¢,p +¢]. Then

pte

0 = [ 2> [ (g0 > 26 int flp = p ) >0

—&

We conclude by proving some basis properties of inner products.

PROPOSITION 4.2. Let V be a real or complex inner product space. For x € V,
(x,y) =0forally € Vif and only if x = 0.

Proof. (=) In particular, we have (x,x) = 0, so x = 0 by positive-definiteness.
(<) Foranyy €V, (0,y) =0(0,y) = 0. O

COROLLARY 4.3. If (x1,y) = (xp,y) forally € V, then x; = x5.
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§4.2. THE RIESZ REPRESENTATION THEOREM

Fix an inner product space V. In §2.5., we introduced V' as the “space of rulers” on
V. We saw that V and V' are not naturally isomorphic, i.e. to obtain an isomorphism
V — V’/, we must choose a basis or, in other words, choose a measurement system.
However, the inner product on V provides measurements. This suggests the presence
of a natural correspondence between V and V.

THEOREM 4.4 (Riesz Representation). For each ¢ € V’, there is a unique vector
¢* € V such that ¢(x) = (x,¢*) for all x € V. Furthermore, the correspondence
¢ — @* is conjugate-linear and bijective, i.e. an anti-isomorphism.

Proof. For each y € V, denote by y* the linear functional defined by y*(x) = (x,y).
This yields a conjugate linear map T : V — V’,y — y*. Note that if y* = z*, then

(x,y) = (x,2) = (x,y—2) =0

forall x € V,soy—z = 0. It follows that T is injective. As for surjectivity, let
{x1,...,x,} be abasis of V, and suppose

n n
0=) apxp =T @xy.
k=1 k=1

Then

n
Y @ex =
k=1

and linear independence implies &y = &y = 0 for all k. It follows that {x},...,x};} isa
basis of V'. For each }_ayx; € V/,

n n

Y axg =T Y @exy € im(T),
k=1 k=1

so T is surjective, and we are done. O

When V is a real vector space, Theorem 4.4. yields a natural isomorphism. How-
ever, on account of the technicalities of the complex case, we avoid identifying the
two. Instead, we refer to ¢* as the Riesz vector of ¢ € V' and, symmetrically, to y* as
the Riesz functional of y € V. Brief reflection yields the identities ¢** = ¢ and y** = v.

Using Riesz vectors, we can give V' a canonical inner product: for ¢, € V/, we

define (@, ¥) = (¢*, ¥*) = (¢*, ¢*). Then

(a@1 + B, ) = (¥, a1 + Bez) = alg1, ) + B{g2, ),
(9. ¢) = < ¢") = (9% 9*) = (¥, 9),

and positive-definiteness follows from the identity (¢, ¢) = (¢*, ¢*). The resulting
inner product space is denoted by the symbol V*.
For M C Vand N C V*, let
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M ={x":1xe M} CV'and N* ={¢p*:p e N} C V.

Brief reflection shows M** = M and N** = N, and that if M and N are subspaces,
then so are M* and N*.

Recall that for each linear operator A : V. — V, we have the adjoint operator
A" V! — V' defined by A’¢p(x) = ¢(Ax) for all x € V. In terms of Riesz vectors, this
becomes

(x, (A'p)") = Alp(x) = ¢(Ax) = (Ax, ¢"). (4.2)

Ideally, these symbols would distribute is some way. Let T : V! — V, ¢ — ¢* be our
canonical correspondence. Then (4.2) becomes

(Ax, ¢*) = (x, TA'T 1¢*).

The Hermitian adjoint of A : V — V is the operator A* = TA'T-! : V — V, which is
equivalently defined by

(Ax,y) = (x, A%y).
We have the following basic properties, which should be familiar from §2.5..

PROPOSITION 4.5. Let A, B € £ (V). Then
1. 0 =0and 1* =1,
2. (kA + BB)* = aA* + BB*,
3. (AB)* = B*A*,
4. If A is invertible, then so is A*, and (A~1)* = (A*)~1,
5. A¥ = A.
Proof. For all x,y € V, each result follows from Proposition 4.2. by the following:
1. (x,0*y) = 0 and (x,]l*y) = (x,y).

2. (x, (aA+ BB)"y) = alx, A%y) + Blx, B'y) = {x, (@A* + BB)y).

3. (x,(AB)*y) = (ABx,y) = (x, B*A").

4. (A™x,y) = (x, A%y) = (Ax,y).

]

We also have (Ay)* = y*A* and (A*¢*)* = pA. Viewing y as a linear transforma-
tion K — V, these identities agree with the usual contravariance of adjoints.
We conclude with a result relating Hermitian and algebraic adjoints.

PROPOSITION 4.6. Let A : V — V be a linear operator. Then
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1. im(A*) = (im(A"))*,
2. ker(A*) = (ker(A"))*.
Proof. 1. If A*y € im(A*), then

(A"y)*(x) = (x, A"y) = (Ax,y) = y" (Ax) = A'y"(x)

forall x € V,s0 A*y = (A'y*)* € (im(A’))*. Conversely, if (A’¢)* € (im(A’))*,
then

(x,(A'9)") = Alp(x) = ¢(Ax) = (Ax,¢") = (x, A"¢")

forall x € V,so (A'gp)* = A*¢* € im(A*), and we are done.

2. If y € ker(A*), then
Ay (x) =y (Ax) = (Ax,y) = (x, A"y) =0

forall x € V,soy* € ker(A’), and y = y** € (ker(A’))*. Conversely, if ¢* €
(ker(A’))*, then forallx € V,

(x, A%9") = (Ax, ") = 9(Ax) = A'p(x) =0,

so A*¢* = 0 and ¢* € ker(A*).

§4.3. ORTHOGONALITY

Recall that the angle between two non-zero vectors x and y in a real inner product
space V is given by

Ory = cos ™! xy) ) (4.3)

In this section, we show that this is well-defined.

We say that x and y are orthogonal if (x,y) = 0. In light of the identity above,
this corresponds to x and y being perpendicular to each other. A collection of vec-
tors {x1,..., Xy} is orthonormal if (x;, x]'> = gjjforall 1 < i,j < m. In other words,
{x1,...,xm} is an orthonormal collection if its elements are pairwise orthogonal and
of unit length.

Intuitively, orthonormal collections are linearly independent. This is easy to verify:
if {x1,...,xm} is an orthonormal collections, and if } ;" ; a;x; = 0, then, for each x;,

m m
0= () apxe, ;) = ) adyi = a;.
k=1 k=1
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It follows that linear combinations of orthonormal collections are unique.
THEOREM 4.7 (Bessel’s Inequality). If {x1,...,x;,} is orthonormal, then

m
Z x,x) 2 < x|

forallx € V.
Proof. Lety = x — Y /"1 (x, xy) x. Then

m m
0< |yl = (x— Y (x, x)xe, x — Y (x, ) )
k=1 k=1
= ||x||*> -2 2 X, Xj |2+22xx1 X, X;) 0
k=1 i= 1] 1

= [lx|* -2 Z [ (x, x0) |* + Z [ (x, x0) |
k=1 k=1

m
= Il = 3 x 0
k=1

]

COROLLARY 4.8 (Parseval’s Identity). If x is in the span of orthonormal vectors
X1,...,Xm, then

m
Zxxk

Proof. We have x = Y " ; axy for some scalars ay. Then, foreach1 <i<m,

m
(x, x;) Z ar(xp, xi) = Y b = i,
k=1

and the result follows. O

In light of this result, we ought to consider orthonormal bases. Bases are maximal
linearly independent sets and, as we’ve seen, orthonormality is a special kind of lin-
ear independence. Intuitively, maximal orthonormal collections are bases. We say an
orthonormal collection is complete if it is not contained in a strictly larger such set.

PROPOSITION 4.9. Every complete orthonormal set is a basis.

Proof. If {x1,...,x,} is orthonormal, then it is linearly independent, so we need
only show that complete implies spanning. If we have a vector x ¢ span(xy,...,Xy),
then the vector y = x — Y}, (x, x)xx is non-zero and orthogonal to each x;. Then
{x1,...,x0,y/||y|| } is a strictly larger orthonormal set; the result follows from the con-
trapositive. o

The existence of orthonormal bases follows almost immediately. If x € V is non-
zero, then {x/||x||} is orthonormal, and since the size of orthonormal sets is bounded
by the dimension of V, {x/||x||} is contained in a complete orthonormal set. More
generally, we can extend every orthonormal set to an orthonormal basis.
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We provide an alternative (constructive) proof of the existence of orthonormal
bases, known as the Gram-Schmidt process. Let {x1,...,x,} be any basis of V, and
let y; = x1/]|x1]|, so {y1} is orthonormal. For each2 < i < n, let

i—1

]/f =Xj— Z(xi,}/k>]/k-
k=1

Then y/ is orthogonal to each y, so the set {y1,...,yi_1,¥i = ¥./||y}||} is orthonormal.
The resulting collection {y, ..., y»} is an orthonormal basis of V.

We can use the results of this section to prove some key properties of inner products
and norms.

THEOREM 4.10 (Cauchy-Schwarz Inequality). For all x,y € V,

(x| < lIx[lyll-

Proof. If y = 0, then the argument is trivial. Suppose, then, that y # 0, in which
case

[ y/llyD P < Nxll?,

by Bessel’s inequality. Rearranging, this becomes
[ ) 2 < =Pyl

and the result follows. [
It follows that (4.3) is well-defined.
COROLLARY 4.11 (Triangle Inequality). For all x,y € V,

1+ yll < [l + llyll-
Proof. We compute

lx +y11? = [|x]1 + 2Re((x, y)) + [ly[1”
<1+ 20 )|+ lly )1
< [+ 2l v+ [y 11>
= (llxll + llyID*,

and the result follows. O

Note that the distance between points x and vy is given by ||x — y||. The triangle
inequality can be rephrased as follows: if x,y,z € V, then

[l = z[| < [l =yl + lly — =]

In other words, detours never decrease distance.
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We now turn our attention to subspaces. Two subspaces X and Y are orthogonal if
(x,y) =0forallx € X and y € Y. Clearly, orthogonal subspaces are disjoint. Indeed,
if x € XNY, then (x,y) = 0 forall y € Y. In particular, (x,x) = 0, so x = 0 by
positive-definiteness.

If M C V, the orthogonal complement of M is the set

Mt ={xcV:(x,m)=0forallm € M}.

If x,y € M+, then

(ox + By, m) = a(x,m) + Bly, m) = 0

for all m € M, so ax + By € M*. Thatis, M is always a subspace of V; in fact, it is
the largest subspace orthogonal to M.

THEOREM 4.12 (Projection Theorem). If M is a subspace of V, then V. = M & M+,
and M++ = M.

Proof. Since M and M~ are orthogonal subspaces, they are disjoint. Choose an or-
thonormal basis {x1, ..., x,} of M, and extend it to an orthonormal basis {x1,...,x,}
of V. Then the vectors x,, 1, ..., X, are orthogonal to M, hence {x,,11,...,x,} C M*,
and V =M@ M*.

As for the second claim, M is orthogonal to M=, so M C M++. We have

M® M- =V =M+ oM

so dim M = dim M*++, hence M = M+, O
Consequently, each subspace of V yields a canonical direct sum decomposition.
DEFINITION 4.13. The perpendicular projection onto M is the projection Ey; = Py 1

onto M along M.

PROPOSITION 4.14. A linear operator E : V — V is a perpendicular projection if
and only if E = E? = E*.

Proof. (=) In the first place, E* is a projection, since (E*)> = (E2)* = E*. Brief
reflection shows that if X is a subspace of V, then (X°)* = X*. By Proposition 2.29., F’
projects onto (M+)? along MY, i.e. im(E’) = (M*)? and ker(E’) = M°. By Proposition
4.6.,

im(E*) = (M*Y)%)* = M*+ = M and ker(E*) = (M°)* = M*,
SO E* — PM,ML — E.

(<=) If E = E? = E*, then E is a projection, so we need only show that im(E) is
orthogonal to ker(E). Let Ex € im(E) and y € ker(E) be arbitrary. Then

(Ex,y) = (x,Ey) = (x,Ey) =0,

and we are done. 0
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Perpendicular projections are our first example of self-adjoint operators, i.e. trans-
formations A : V — V satisfying A* = A. We will see later on that they are the
building blocks of all such operators.

§4.4. UNITARY OPERATORS

Let V be an inner product space. Linear operators V' — V do not, in general, preserve
the geometric structure of V. In this section, we study the operators that do.

DEFINITION 4.15. A linear operator U : V. — V is unitary if (Ux, Uy) = (x,y) for
allx,y € V.

PROPOSITION 4.16. Let U : V — V be a linear operator. The following conditions
are equivalent:

1. U is unitary,
2. Ur=ut,
3. |Ux| = ||| forall x € V.

Proof. (1. = 2.) Let {xy,...,x,} be an orthonormal basis of V. Then

(Ux;, Uxj) = (x;, xj) = 6jj

forall1 <i,j <mn, so{Uxy,..., Ux,} is an orthonormal basis of V, and U is invertible.
Furthermore, for each x and ally € V,

(U'Ux,y) = (Ux, Uy) = (x,y),

hence U*U = 1. It follows that U* = U1
(2. = 3.) Foreachx € V,

HLIx||2 = (Ux,Ux) = (U"Ux,x) = (x,x) = Htz
(3. = 1.) Note that

x4+ ylI> = [[x[I* + [lyl1* + 2Re({x, y))
and
lix +yl1> = llx|I* + [[y[|* — 2Im((x,y))

forall x,y € V. We may then compute

IUx + Uy ||? = [[x|* + [ly ]I + 2Re({Ux, Uy)),
IUix + Uyl|* = [|x]I* + [|ly]|* — 2Im({Ux, Uy)).

Equating with the identities above yields
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Re({Ux, Uy)) = Re((x,y)) and Im((Ux, Uy)) = Im((x,y)),

and the result follows. O
PROPOSITION 4.17. If A is an eigenvalue of a unitary operator U : V — V, then
Al =1.

Proof. Let x be an eigenvector of A. Then

lll = NUx]| = |Ax]] = [A[]|x]],

which implies |A| = 1. O
COROLLARY 4.18.If U : V — V is a unitary operator, then | det(U)| = 1.

Proof. Since the determinant and characteristic polynomial of U is unchanged by
extending the scalars of V, we may assume V' is a complex vector space. Then

xut) =T J—1)m™ (44)

A

has constant term (—1)94™" det(U). Evaluating at t = 0 and rearranging yields the
identity

det(U) = (—~1)3mV TT(~1)™A™,
A

where A ranges over the distinct eigenvalues of U, so each has absolute value 1. There-

fore, | det(U)| = 1. O
When det(U) = 1, we say U is special unitary. Special unitary operators preserve

length, angle, volume, and orientation. That is, geometrically, they act by rotation.

§4.5. THE SPECTRAL THEOREM

As we saw in the previous section, spectral theory has geometric significance in inner
product spaces. In this section, we prove the main result of this chapter, a refinement
of the Jordan decomposition.

In Chapter 3, we saw that operators over algebraically-closed fields have especially
nice spectra. The fundamental theorem of algebra states that C is the algebraic closure
of R. If V is a real vector space, we refer to the extension of scalars V¢ as the complexi-
fication of V. We can write each element of V¢ in the form

Z(zxk + iﬁk) Rxr=1® (szkxk) +i® (Z ;kak) .

In other words, each vector is of the form 1 ® x + i ® y, with x,y € V. We often omit
the tensor products, in which case V¢ is the space of formal combinations V + iV, with
complex scaling defined by

(a +iB)(x +1iy) = (ax — By) +i(Bx + ay).

CHAPTER 4. SPACE & ANGLE 62



4.5. THE SPECTRAL THEOREM

If V is an inner product space, then V¢ has a natural inner product given by
(x + i,z +iw)e = (x,2) + (y, ) +i({y,2) — (x,0)).

In particular,

I+ iylle = +/llxl1* + [ly[I>
PROPOSITION 4.19.If V is a real inner product space, and if A € Z(V), then
(Ag)" = (A%)c.
Proof. For all x + iy, z + iw € V¢, we may easily compute

(x+1y, (Ae)" (z+iw))c = (Ac(x +iy),z + iw)¢ = (Ax + 1Ay, z + iw) ¢
= (x+1iy, A"z +iA"w)c = (x + iy, (A")c(z + iw))c.

]

It follows that A is self-adjoint (resp. unitary) if and only if A is.
With extension of scalars extended to inner products, we turn our attention to the
main argument. To start, fix an inner product space V.

LEMMA 4.20.If A € Z(V) is self-adjoint, then all of the eigenvalues of A are real.
In fact, all of the roots of x 4 in C are real.

Proof. Since Ag is self-adjoint, and since x4, = X4, it is sufficient to consider the
complex case, where the eigenvalues of A coincide with the roots of x 4. Let A € C be
an eigenvalue of A with eigenvector x. Then

Mix|? = (Ax,x) = (x, Ax) = A|x|]?,

SOA = A. O]

LEMMA 4.21.If A : V — V is a linear operator, and if M C V is a subspace with
A(M) C M, then A*(M+) C M.
Proof. For eachy € M+ and all x € M,

(x, A%y) = (Ax,y) =0,

so A*y € M+. O
LEMMA 422.If A : V — V is self-adjoint, then eigenvectors corresponding to
distinct eigenvalues are orthogonal.

Proof. Let A1, Ay be distinct eigenvalues of A with respective eigenvectors x and y.
Then
Mixy) = (Axy) = (x, Ay) = L (xy),
which yields
(A — A2){x,y) = 0.
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Since A # Ay, this implies (x,y) = 0. O
THEOREM 4.23 (Spectral Theorem for Self-Adjoint Operators). Let A : V — V be

a self-adjoint operator with distinct eigenvalues Ay, ..., A;. Then A is diagonalizable,

and there are pairwise orthogonal projections Ey, ..., E; such that A = 2%:1 ArEy.

Proof. For the first claim, it is sufficient to show that the algebraic and geometric
multiplicities of each A; agree. Let A be an eigenvalue of A, and consider the A-
eigenspace E,. Clearly, A(E)) C E,, so A(Ey) C Ey by Lemma 4.22.. We have the
restrictions B = A|g, and B = A, 1,80 A=B® BL. Then A is the only eigenvalue
of B, and xg(t) = (A — t)8A. Furthermore, A is not an eigenvalue of B, so (A —t) does
not divide xg, (t), and the identity

xa(t) = xp(t) - xp, (t) = (A= £)3*(xp,)(t)

tells us that the g, is the algebraic multiplicity of A.
Foreach1 < k < d, let E; denote the perpendicular projection onto the Ai-eigenspace
E),. Then Ey,...,E; are pairwise orthogonal by Lemma 4.23.. Since A is diagonal-

izable, V = @,‘le E),, so we may take each element of V' as a linear combination
X = Zgzl xx, where each x; is a Ay -eigenvector. Then

d d d
Ax = Z Axk = Z Akxk = Z )LkEkx,
k=1 k=1 k=1

so A=Y4_| \Ex. O

The decomposition A = Y A Ej is the spectral form of A.

When our underlying space is real, the above result is an equivalence: each op-
erator of the form ) ayEy, for real ay and pairwise orthogonal E, is self-adjoint. In
the complex case, however, the spectral form corresponds to a more general class of
operators. Note that

(M AkEr) (o AEr)” = (3 AEx) (L AkEx) = Y [P Ex = (o AkEx)™ (Y AkEx) -

In general, an operator A : V — V with the property AA* = A*A is called normal.
Important examples include self-adjoint and unitary operators.

LEMMA 4.24.1f A : V — V is normal, then A is an eigenvalue of A if and only if A
is an eigenvalue of A*.

Proof. Observe that (A1 — A)* = A1 — A*, and
(AL —A)(AL — A)* = A1 —AA — AA* + AA* = (A1 — A)* (A1 — A).

Note that, for any normal operator N,
|INx||?> = (Nx, Nx) = (N*x, N*x) = ||[N*x|?
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for all x € V. Consequently,

IAx — Ax|| = [[Ax — A%x]],

and x € V is a A-eigenvector of A if and only if it is an A-eigenvector of A*. O
COROLLARY 4.25.If A : V — V is normal, and if A is an eigenvector of A, then
E), = Ej.

LEMMA 4.26.If A : V — V is normal, then eigenvectors corresponding to distinct
eigenvalues are orthogonal.

Proof. Let A1 and A, be distinct eigenvalues of A, with corresponding eigenvectors
x and y. Then

Mx,y) = (Ax,y) = (x, A%y) = Aa(xy),

and the result follows as before. O

THEOREM 4.27 (Spectral Theorem for Normal Operators). Let V be a complex vec-
tor space, and A : V — V anormal operator with distinct eigenvalues Ay, ..., A;. Then
A is diagonalizable, and there are pairwise orthogonal projections Ej, . .., E; such that

_yvd
A=3Y7 4 MEk
Proof. From here, the argument is essentially the same as for the self-adjoint case.
O
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5

COMPUTATIONS & COORDINATES

Way back in §1.4., we noted that every n-dimensional vector space over K is isomor-
phic to K". We have so far avoided coordinates. However, in this chapter, we make
full use of them to develop computational tools. Many of the results follow readily
from our previous work.

§5.1. MATRICES

Fix a field K. Coordinates spaces K" come with standard choices of bases {ey, ..., e, }
defined by ¢, = (5ik)ie[n]- The utility of this basis comes from notational simplicity.
For example, we have the identity

n
(‘Xk)ke[n} = Z XCk-
k=1

We can study linear transformations T : K" — K™ by looking at where they send the
standard basis. The matrix of T is the family [T] = (;j);c[) je|n) Of scalars defined by

(i) icpm) = Tex

for all k.
This definition becomes clearer when we write («;;) as an array:
K11 ccc K
(wij) = | : :
&m1 - Q&mn

Each vector in K" is naturally a linear transformation K — K". Taking matrices yields
the identity

X

(a1, ..., 00)] =

Moving forward, we will interchangeably describe vectors in K" as columns, like
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above, or as tuples, like before. With the change of notation, we see that the matrix
of a linear transformation T is an array whose columns are the vectors Tey, .. ., Tej,.

Now, from this definition, we see that [{A + #B] = {[A] + n[B] for all linear trans-
formations A, B : K" — K™ and scalars ¢, 7 € K. Clearly, [A] = 0 implies A = 0. Write
My <n(K) for the space of matrices with m rows and #n columns, i.e. families of scalars
(@ij)ic[m) je[n], under component-wise addition and scaling. Clearly, this space is mn-
dimensional, so taking matrices yields an isomorphism £ (K", K™) — My, xn(K).

We have additional structure in the form of a bilinear map

Z(KP,K™) x ZL(K",KP) — Z(K",K™), (A, B) — AB,

which appears as a product structure when n = p = m. Through the above isomor-
phism, this induces a bilinear map

Minsp(K) X Mpsn(K) = Muxa(K), ([A], [B]) — [AB].

When A is invertible as a linear transformation, [A] has an inverse with respect to this
product given by [A]~! = [A~1].

To see what this product looks like, first consider the case [A] = (a;;) € My xn(K)
and B = (By) € K". Then

K11 v Kp B1 Y1 %1k Pr

Em1 *° Xmn ﬁn 2}7(121 ‘kaﬁk

More generally, if [A] = (a;;) € Muxp(K) and [B] = (Bij) € Mpxn(K), this map looks
like

a1 &y Bi1 - B B11 B1n
: : o = 1A [A]|
m1 - Xmp ,Bpl T ,Bpn ,Bpl ,Bpn
Y auBa o kg XkPrn
Ezzl D‘mkﬁkl o Zlf:l “mkﬁkn

In other words, (a;j)(Bij) = (7ij), where 7;; = 216:1 aixByj for all 1 < i < m and
1 < j < n. The author promises that this mess of indices pays off in practice.

Recall from §1.4. that, to each vector space V with basis X = {x1,...,x,}, there is
an isomorphism ¢x : V — K" defined by

n

Y agxg X (),
k=1

so, in particular, ¢x(xx) = ek for all k. This is the coordinate isomorphism corresponding
to X.
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DEFINITION 5.1. Let X = {x1,...,x,} and Y = {y1,...,Yym} be bases of V .and W
respectively. The matrix of a linear transformation T : V' — W with respect to X and Y
is the family of scalars [T]% = [pyT@y']. Equivalently, [T] = (w;;) is the set of scalars
satisfying Txy = Y7 ajy.

For the sake of succinctness, when V = W and X = Y, we write [T]% = [T]x. If X
and Y are implicit, they may be omitted altogether.

PROPOSITION 5.2.If A : V — W and B : U — V are linear transformations, then
[AJZ (B = [AB%.

Proof. We have

(A7 [Blx = lpzApy llovBox'] = [pzABgy'] = [AB]%.
[l
As an immediate consequence of this, we see that [A]g?, = [1y]¥ [A]}[1y]%, for
linear operators A : V — V and bases X, X, Y, Y’ of V. The matrix [1y]%, = [q)xgo;] is
the change of basis matrix from X' to X, and it sends the coordinates of x with respect to
X' to those with respect to X. Note that the columns of [1 V]))g, consist of the coordinates
in X of each basis vector in X'.
A word is needed on inverses of matrices. If A : V. — W is some linear transforma-
tion, then the inverse of the matrix [A]% is given by [A~!]¥. For example, the inverse
of the change of basis matrix [1y]¥% is [1y]¥.

§5.2. GAUSSIAN ELIMINATION

Turning our attention to more practical matters, much of the utility of matrices comes
from a classical interpretation. Much of linear algebra amounts to studying the spaces
of solutions of equations of the form Ax = b. If [A]} = (w;j), ox(x) = (x1,..., %),
and @y (b) = (b, ..., bn), this equality looks like

Yoh_1 X1kXk by

Z£:1 Kk Xk b

In other words, Ax = b corresponds to a system of m linear equations in n variables.
The benefit of this perspective is that it tells us that computational linear algebra really
boils down to solving systems of linear equations.

Consider 3 x 3 case below:

N11X + Y + ®13z = by
Ay + a3z = by
K332 = b3.

Assuming non-vanishing coefficients as needed, we can solve for x, y, and z by back
substitution:
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1
zZ = —b3,
X33
1 23 1 K23
y=—by———z=—by— bs,
&2 &2 X2 Xp2033

1 K12 K1 1 X12 X123 — K132
bl—— SZ: —bl— bz— 3 b3.
X11 X11 X11 X11 X11622 X11622633

While somewhat tedious, this is a straightfoward computation. As such, it is a reason-
able strategy to solve linear systems by reducing them to ones of this form. Equiv-
alently, we want to reduce general matrices to upper triangular ones, i.e. matrices
(ij) € Mmxn(K) satisfying a;; = 0 whenever i > j.

A linear transformation E : K" — K" is elementary if there is some 1 < i < n
and j # i such that Ee; = e; + {ej and Eey = ¢ for all k # i. It’s easy to see that
every elementary tranformation E : e; — ¢; + ge; has an elementary inverse given by
E1l:ejr—e — gej.

If we have some matrix [A] = (&;;) € Mmxn and elementary transformation E :
K™ — K™, e; — e; + Ce]-, then

so the jth row of this matrix has pth component corresponding the jth component of
EAe,. We may compute

oclp

m .
EAe, = 2 agpEex = | ajp + Cajp
k=1 .

“mp

That is, left multiplication by [E] corresponds to adding ¢ times the ith row of a matrix
to its jth row. Brief reflection shows [E] = (yp4) has the following form: 7y = 1 for
1<k<m, wjj = ¢, and all other components vanish.

Each permutation o € S, gives rise to a permutation transformation P : K" — K"
defined by Pey = e,). Clearly, all permutation transformations are invertible; if P
is the transformation corresponding to o € S, then P! is the transformation corre-
sponding to ¢~!. Brief reflection shows left multiplication by [P] rearranges the rows
of a matrix according to the corresponding permutation.

We say two matrices [A] and [B] are elementarily equivalent if there is some product
of elementary and permutation transformations E such that [E][A] = [B].

THEOREM 5.3 (Gaussian Elimination). Every square matrix is elementarily equiv-
alent to an upper triangular matrix.

Proof. The proof will go by induction on the number of rows. For n = 1, the argu-
ment is trivial. Suppose, then, that we have some n > 1 such that all n x n matrices are
elementarily equivalent to upper triangular ones, and let [A] = (a;;) € My 11xn11(K)

CHAPTER 5. COMPUTATIONS & COORDINATES 69



5.2. GAUSSIAN ELIMINATION

be arbitrary. Let [A];; denote the cofactor matrix obtained by removing the ith row and
jth column of [A].

We first address the case that a7 # 0. There is an elementary transformation
E; that subtracts a suitable multiple of row 1 from row (n + 1) such that a(,,1); =
0. The matrix [E1A](;41)(n41) 18 7 X 1, so there is some product of elementary and

permutation transformations Ep : K"*! — K"*1 which fixes e, 1 and thus admits a
suitable restriction to K", such that [Ez][E1A](;11)(n41) IS upper triangular. Similarly,
there is another such product E3 : K"™! — K"*! such that [E3][E,E1A]1; is upper
triangular. Then [E3zE»E][A] is upper triangular.

Alternatively, suppose a1 = 0. If a(,1); = 0, then the argument above still ap-
plies. However, if a(,,1); # 0, then we have a problem. This can be resolved by
swapping rows 1 and (n + 1), and we are done. O

COROLLARY 5.4. Every matrix is elementarily equivalent to an upper triangular
matrix.

Proof. Consider a matrix [A] € Myxxn(K). If m > n, so [A] has more rows than
columns, then it is sufficient to make the submatrix consisting of the bottom-most n
rows upper triangular; the existence of such a reduction follows from the above. Sim-
ilarly, if m < n, so [A] has more columns than rows, we need only make the submatrix
consisting of the left-most m columns upper triangular, and this again follows. O

Now, since the transformations E such that [E][A] is upper triangular are invertible,
this reduction is very useful for computing bases for the image and kernel of A. This
is due to the identities im(EA) = E(im(A)) and ker(EA) = ker(A). For example, if
{x1,...,%,} is a basis of im(EA), the set {E~'xy,...,E~!x,} is a basis of im(A).

EXAMPLE 22 (Gaussian Elimination). Consider the system

1 2 3 X 0
2 31 y|l=10], (5.1)
312 z 0

the solution space of which is the kernel of a transformation with the above matrix.
We employ the augmented matrix notation

(

We can apply row operations to this matrix directly, which correspond to multiplying
both sides of (5.1) by elementary transformations. In practice, this looks like:

W N =
_ W N
N — W
o O O
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12 3]0
2 3 1|0
3 12|0
1 2 310
— 1 2 3 1 |0 | (Subtract3 times the first row from the third)
0 -5 =710
1 2 310
— | 0 —1 —=5|0 | (Subtract 2 times the first row from the second)
0 -5 =710
1 2 310
— | 0 —1 —=5|{0 | (Subtract5 times the second row from the third).
0 0 1810
Thus
12 3 X 0
2 31 yl =10
312 z 0
if and only if
x+2y+3z=0
-y—52=0
18z =0,
from which we infer z = y = x = 0, so our kernel is trivial. o

§5.3. COMPUTING INVARIANTS

Throughout this section, fix a linear operator A : V — V.

In §3.3., we introduced the trace as the canonical evaluation V* ® V — K. It is not
at all clear from this definition how we can compute tr(A). We begin this section by
expressing the trace as a function of matrices.

THEOREM 5.5.If X = {x1,...,x,} is a basis of V and («;;) = [A]x, then

n
tr(A) = ) ap.
k=1

Proof. For each 1 < i < n, let ¢ : V — K be the linear functional defined by
@i(xx) = dix. Then

n
Axi =Y ¢i(x) Axy,
i—1
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SO

AY G =) G Ax = Z Z‘:kq’z Xp)Ax; = Z @i (Z Ckxk> Ax;,
k=1 k=1

and A =Y} _; ¢x(-)Axg. Then

n n n n
A) =Y oe(Axy) = Z Z W@k (xi) = ) gk

k=1
[

Strikingly, this tells us that the sum of the diagonal of any matrix of A is equal to
that of any other matrix of A.
Turning our attention to the determinant, we have the following basic identity:

THEOREM 5.6. For any basis X = {x1,...,xx}, (#;;) = [A]x implies

det(A) = }: sgn(tf)f[%(k)k
=1

oceS,

Proof. We have

n n
det(A)xy A+ Axy=Axy N+ NAx, = (Z“kl’%) ARRRWA (Z“knﬂ)
k=1 k=1

Expanding this, we obtain a sum, whose non-zero summands are of the form
n
H Ko(k)k | Xnols
k=1

Xpol = Xg(1) Ao AN Xg(n) = SGO(T) X1 A+ A xp = sgn(0) X

where I = (1,...,n), so

Conversely, for each o € S;, there is a corresponding summand of this form, and we
have

det(A)x ; = ( Y sgn(0) H%—(k)k) XAT.
oESy, k=1

]

Of course, computing the determinant directly this way is wildly impractical: there
are n! summands, each of which is unpleasant to compute. Fortunately, we can use
Gaussian elimination on account of the following results:

PROPOSITION 5.7. If (a;;) = [A]x is upper triangular, then det(A) = [T}_; axx.
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Proof. For any non-identity o € Sy, there is some j € [n] such that ¢(j) > j. Indeed,
if 0(j) < jfor all j, then, in particular, (1) = 1, so ¢ admits a restriction to {2,...,n}.
Induction then shows ¢ (j) = j for all j, so ¢ = 1,. Consequently, if (a;;) = [A]x is
upper triangular, then

n

det(4) = ¥ san(o) T = Toxe
=1

oES, i=1
O
COROLLARY 5.8. Elementary transformations have determinant 1.
PROPOSITION 5.9. If P is the permutation transformation corresponding to o € S,
then det(P) = sgn(o).
Proof. We have

det(Pley A« -+ New =eg1) A+ Aeg(y) = sgn(c)er A+ Aey.
[

Alternatively, we can use the following to compute determinants recursively:

PROPOSITION 5.10. Let A : V — V be a linear operator, let X = {xq,...,x,}
be a basis of V, and let [A] = («;;) = [A]x. For all i,j, let [A];; denote the cofactor
matrix obtained by removing the ith row and jth column of [A]. Then [adj(A)|x =
((=1)™ det [A]};).

Proof. Recall the definition of the adjugate from §3.5.:

X xA (=) = Al(x A (=) = x AAMNTTD(2) 5 adj(A)x.
We want to show that

adj(A)xe = Y (—1)"** det[ Al

=

—_

for each xy. Pulling back to Z (A"~ V, A" V), this is equivalent to the identity

xp A AN 1)F det[A]ixi A (—). (5.2)

M:

z:l

By Theorem 3.19., the set {3?] :1 < j < n}isabasis for N1V, where

Xij=x1 A AXj 1 AXjp1 A Ay

Therefore, we can prove (5.2) by showing that it holds when evaluated at each ;.
Fix k and j. Starting with the right-hand side, we have

n

Y (—1)"* det[Ali(x; A T})
i=1

(—1)/tk det[A]y;(x; A X))

(—1)j+k(—1)j71 det[A]k]-(xl JANREIRIVAN xn)
(—1)*" det[Algxar,
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where [ = (1,...,n). As for the left-hand side,

Xie A\ A/\(”_l)fj =xk NAXI A - NAX 1 ANAX L A AN Axg.

Using the matrix [A]x, this is equal to

Xk A\ <2 ocl-lxi) VANEERIVAN (Z Oéi(]'_l)xi> N (Z oci<]-+1)xi> JANEEIIVAN (2 ocl-nxl-) .
i=1 i=1 i=1 i=1

Expanding, we get a sum whose non-zero terms are of the form

( H “a(i)i) XNa]s

i=1,i£jk

where ¢ is any permutation of [n] fixing k and

J=(k1,....k—1,k+1,...,n).

Therefore,

n

uANANTUE = Y sen(o) [ avpixa-
oikk i=1,i£jk

But this coefficient is just det[A]y;, so

1 NANTDE = det[Algjxng = (—1)F ! det[Alxxar,

with the last equality following from skew-symmetry. This establishes the result. [
THEOREM 5.11 (Laplace Expansion). Let (a;;) = [A]x. Foreach1 <j < n,

det(A) = i(—niﬂ'aﬁ det [A]jj.
i=1

Proof. By Theorem 3.24., adj(A) A = det(A)1. Let (v;;) = [adj(A)]x[A]x, so

n

vii = Y (—1)"" det [A]ay.
pa

We also have (7;;) = det(A)[1]x. Clearly, the matrix [1]x has all 1s on its diagonal
with all other components vanishing. Therefore, 7;; = det(A) forall 1 < j < n.
Equating with the above, we have

n

det(A) = ’)/]] = Z(—l)i+j06i]’ det[A],]
i=1
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